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Abstract. Advertisements reveal information to consumers who decide on further information
acquisition and eventual purchase. Anderson and Renault (2006) first modeled this problem using an
information-design framework where the advertiser acts as a sender and the consumer as a receiver.
Due to search frictions and the consumer’s outside option, search for additional information is not
always worthwhile for the receiver. Thus, the sender’s information design is used to make further
search attractive and ultimately induce purchase. Following Lyu (2023), we study the optimal
information design for a sender who sells search goods to a consumer with uncertain alternatives.
Instead of making relaxations to the sender’s problem (as done in Lyu, 2023), we work directly on
the joint distribution over realized values and signals. Our contributions are twofold. First, we give
a method, based on duality arguments, to verify whether a given information strategy is optimal.
We illustrate the value of this verification framework in a competitive extension, where it certifies
a non-trivial symmetric equilibrium for two senders with a common convex prior. Second, on the
algorithmic front, we develop an FPTAS that finds for the seller a signaling scheme whose utility
differs from that of the optimal solution by at most an additive € error, for any € > 0.
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1 Introduction

Consumers are often faced with horizontally differentiated products without being fully informed
of the attributes offered by different sellers. This information gap is often bridged, at least
partially, by the advertisements posted by sellers to compete for the purchase. This paper takes
an information design perspective to study the design of informative advertising for buyers
engaged in a sequential search.

In Anderson and Renault (2006)’s influential model of informative advertising, an advertise-
ment is viewed as a signal sent by the seller to directly, though perhaps only partially, inform
a potential buyer about her valuation of a product. The signal, bound by legal sanctions, is
credible. The unit-demand buyer, with posterior estimates from the advertisements, searches
for a purchase.

In this context, advertisements are only meaningful when there is search friction. Anderson
and Renault assumed the buyer incurs an inspection cost in order to exactly learn her value for
any product; they study a monopoly seller facing a buyer with a deterministic outside option.
Following Lyu (2023), we study an extended framework which allows the buyer to have a
randomized value for her outside option. This extension, as we explain in Section 2.2, makes the
framework applicable to a seller in a competitive market for search goods, with the outside option
summarizing the competition from all rival sellers. This single-dimensional summarization is
made possible by structural properties of the buyer’s optimal search strategy, the celebrated
Indez Algorithm first discovered by Weitzman (1978) for the Pandora Box problem.

Anderson and Renault studied a seller that strategically sets a price and commits to an
advertising signaling scheme. As in Lyu (2023), we abstract away the pricing part and only
consider strategic signaling: a seller gets utility 1 when the buyer makes a purchase from him,
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and 0 otherwise.! Unlike the case with deterministic outside option, the information design
part in our setting is already very complicated. This simplification is also meaningful because
decisions on pricing and promotion/marketing are often made by different departments in mod-
ern corporations; advertising and pricing may be decoupled decisions (It is for similar reasons
that bidders in ad auctions are sometimes modeled as “value maximizers” rather than standard
utility maximizers; see, e.g., Wilkens et al., 2016, 2017; Deng et al., 2024; Balseiro et al., 2024.)

We study the seller’s strategic advertising as an instance of information design (Kamenica
and Gentzkow, 2011). A unit-demand buyer has match value v for the seller’s good; v, drawn
from a publicly known distribution F', is unknown to the buyer initially, but can be learned if
the buyer inspects it at a cost ¢ > 0. The buyer’s value o for her outside option is drawn from
a publicly known distribution H, but o is private to the buyer. The seller aims to maximize the
probability that the buyer searches for and selects his item. To this end, the sender, prior to
any inspection, commits to a signaling scheme that stochastically maps v to a signal. The signal
acts as an advertisement that updates the buyer’s belief about v to a posterior distribution.
The buyer implements the Index Algorithm to decide whether to inspect and whether to take
the seller’s good. In the language of information design, the buyer is the receiver, and the seller
the sender.

Our Contributions. We make contributions on two fronts of the sender’s persuasion problem.
First, we develop a procedure for verifying the optimality of the seller’s signaling scheme and
apply it to identify equilibria in markets with two advertising sellers. This is the first time such
equilibria are characterized in an oligopoly; while Lyu (2023) was only able to identify equilibria
when the number of sellers goes to infinity (the large-market limit). On the algorithmic front,
we develop a fully polynomial-time approximation scheme (FPTAS) which finds for the seller
a signaling scheme whose yield utility differs from that of the optimal solution by at most an
additive € error, for any € > 0. Underlying both results is a lossless representation of the sender’s
signaling as a value-index joint distribution.

As we explain in Section 2, this two-dimensional representation naturally results from the
Index Algorithm. Working with it directly poses technical difficulty: the feasible set of strategies
is given by an infinite-dimensional linear program with a continuum of feasibility constraints.
Lyu avoided the difficulty by representing the signaling scheme as a one-dimensional distribu-
tion of the so-called amortized values (see Definition 3); they imposed on these distributions
a relaxed, necessary feasibility condition. Whereas this relaxation allows the use of tools from
the persuasion literature (such as the techniques worked on mean-preserving contractions), it
comes with loss. Generally, solutions to this relaxed program may not be feasible. Lyu derived
conditions under which the relaxed program yields a feasible optimal solution; these conditions
include quasi-concavity (and hence unimodality) of H, the distribution of the outside option
value. Notably, when one applies the framework to study a competitive market with multiple
sellers (which motivates the single-seller setting in the first place), a constraint on H in the sin-
gle seller setting does not translate into a constraint on the value distribution F', the only input
in the market setting. This is because H is used to summarize rival sellers’ competition; in an
equilibrium, it incorporates information about the rival sellers’ endogenous signaling. Therefore,
in a symmetric equilibrium, an assumption on H is really an assumption on the solution of the
program. It is for this reason that Lyu was able to derive equilibria only when the number of
sellers goes to infinity.

We tackle the formidable two-dimensional distribution head-on. Notice first that our ap-
proach imposes neither relaxation nor restriction on the original problem. On one front, we
exploit the geometry of the value-index joint distributions and develop dual certificates for the

! Strictly speaking, the last part of Lyu (2023) discusses pricing, but in essence does not go beyond saying that
the seller’s revenue is the product of his price and his demand (which is our utility, inherently a function of the
price), and should be optimized by selecting the best price. The mathematical substance of the work almost
entirely lies in the part that considers an exogenous price.
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optimality of signaling schemes (Theorem 1). The value of this verification framework goes be-
yond equilibrium certification, although it is one important application. It is worth pointing
out that the two-seller equilibrium we derive (Theorem 2) does not satisfy Lyu’s unimodality
assumption. On the other front, we develop an additive FPTAS (Theorem 3) which uses a
two-level discretization that performs the two dimensions, realized values and posterior indices,
in different ways. We also study the competitive extension with multiple senders in several
additional directions, including equilibrium existence in the general game and comparisons of
information disclosure across different competitive settings. Due to space constraints, these
results are deferred to Appendices D to F.

1.1 Related Literature

Our work contributes to two related strands of literature.

Sequential search and Pandora Box. In our model, the receiver faces an uncertain outside
option and a search good controlled by the sender. She decides whether to pay the cost to learn
the item’s value and then choose the better option, or to take the outside option directly. This
sequential decision problem can be seen as an instance of the Pandora Box problem introduced
in Weitzman (1978). The Pandora Box problem has motivated a rapidly growing algorithmic
literature on sequential search and its variants (e.g. Doval, 2018; Beyhaghi and Kleinberg,
2019; Boodaghians et al., 2020; Chawla et al., 2020; Fu et al., 2023; Beyhaghi and Cai, 2023a;
Hajiaghayi et al., 2025; Banihashem et al., 2025). We refer to Beyhaghi and Cai (2023b) for
a survey. A central insight of Weitzman (1978) is that the receiver’s optimal search policy is
governed by index values. The Index Algorithm has also been widely used to model consumer
search in markets with competing sellers. See, for example, Armstrong (2017) for a survey, and
Derakhshan et al. (2022) and Friedler et al. (2025) for recent applications. Our work differs from
this literature by focusing on the sender’s optimal pre-search information design.

Information design for search goods. We model the senders’ pre-search information reve-
lation as an instance of Bayesian persuasion (Kamenica and Gentzkow, 2011). This framework
has inspired a large body of works on information design. See, e.g., Bergemann and Morris,
2019; Dughmi, 2017; Kamenica, 2019 for some recent surveys.

A large strand of the literature studies information provision for experience goods, where
the receiver cannot learn the exact value through inspection before purchase and must make the
purchase decision based only on the information provided by the seller. More recent work studies
information disclosure and advertising in monopoly and competitive markets, including Ivanov
(2013); Boleslavsky et al. (2017); Hwang et al. (2026). Related persuasion tools include the
concavification approach of Kamenica and Gentzkow (2011), the linear-programming approach
of Kolotilin (2018), and the duality-based approaches of Dworczak and Martini (2019); Dworczak
and Kolotilin (2024).

However, information design for search goods is less developed. The main obstacle is that
what the sender controls is the receiver’s pre-search information. Thus, posterior means alone
are no longer sufficient for determining outcomes due to the inherently complicated search
decision. Anderson and Renault (2006) initiate this line by studying advertising search goods to
consumers with deterministic alternatives. Anderson and Renault (2013) extend the framework
to allow for richer advertising content. Several related papers focus on post-search information
design instead of pre-search information design, including Bar-Isaac et al. (2012); Board and
Lu (2018); Whitmeyer (2020); Dogan and Hu (2022); Au and Whitmeyer (2023). Closer to pre-
search information design for search goods, Choi et al. (2019) characterize consumer-optimal
and seller-worst signals in a binary-value model, while Hinnosaar and Kawai (2020) study seller-
worst pre-search information in a robust-pricing environment. In contrast to these works, we
study the seller’s optimal pre-search information strategy with a continuous value distribution
and a buyer with a privately known outside option.
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The closest paper to ours is Lyu (2023), who first studies optimal pre-search information
provision by a search-goods seller with privately known outside options. He reduces the sender’s
persuasion problem to a one-dimensional relaxed problem over the distribution of the amortized
values, and shows that the relaxed optimum solves the original problem only under unimodality
conditions on the outside-option distribution. Our paper complements this work by keeping the
exact value-index formulation without making any relaxation and developing algorithmic tools
for the original best-response problem.

Roadmap. Section 2 introduces the model and identifies the sender’s persuasion problem.
Section 3 develops the dual-certificate framework for verifying optimality of candidate strategies.
Section 4 provides an additive FPTAS for computing near-optimal information strategies.

2 Preliminaries

2.1 The Setup

We consider a single strategic sender (he) who faces a receiver (she) with uncertain alternatives.
The sender controls one item whose match value to the receiver is v € [0, 1]. The value is drawn
from a commonly known prior F' € A([0,1]),? and is initially invisible to the receiver.

The receiver can pay an inspection cost ¢ > 0 to learn the realized value v (i.e., the item is a
search good). The receiver also has an outside option o € [0, 1], drawn from a commonly known
distribution H € A([0, 1]). The realized outside option is the receiver’s private information.

Search friction makes the additional information generated by inspection not always worth-
while. The seller can design a pre-search signal about the realized value v to attract the receiver.
Following the information design literature, the sender commits to a signaling scheme (S, 7),
where S is the signal space and 7(- | v) specifies the conditional distribution of signals given
the realized value v.

The timing of the game is as follows.

1. The sender publicly commits to a signaling scheme (S, ).

2. The sender observes value v ~ F', and sends signal s ~ m(- | v) to the receiver.

3. The receiver updates the posterior belief about v after receiving signal s.

4. The receiver observes outside option o ~ H, and decides whether to search for the item.

(4.1) If not, she takes the outside option o and leaves the game.

(4.2) If yes, she incurs a search cost ¢ > 0 and learns v exactly. Then she takes the larger value
among v and o and leaves the game. Ties are broken uniformly at random.

2.2 The Receiver’s Optimal Search

We review Weitzman (1978)’s Pandora Box problem which models a sequential searcher’s prob-
lem and admits an elegant, index-based optimal strategy. Our purpose is to illustrate (a) that
the setup in Section 2.1 is an abstraction of a sender’s problem in a search good market with
multiple competing sellers, and (b) that the outcome of the optimal search is completely de-
termined by a comparison between the outside option and the sender’s so-called amortized
values.

In the Pandora Box problem, a searcher is faced with n boxes, each with a value that
becomes observable only after an inspection cost is paid. Specifically, each box ¢ has value v;
drawn independently from a publicly known distribution F;, and is revealed at inspection cost ¢;.
The searcher can take at most one box, and must optimize her search order and stopping time to
maximize the expected value of the box taken minus the cumulated inspection costs. Weitzman
showed the following Index Algorithm to be the optimal strategy.

2 Throughout the paper, A(-) denotes the set of all probability distributions; unless specified otherwise, a
distribution is represented by its cumulative distribution function (CDF).
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Definition 1 (Index). Bozx i’s index 0; is the unique solution to
Ey,~r[(v; — 0;)+] =¢;  where (x)y = max{x,0} . (Index Eq.)

Definition 2 (The Index Algorithm, Weitzman, 1978). Compute indices for all bozes.
Discard boxes with negative indices; sort the rest in decreasing order by their indices. Inspect
the boxes in this order until the largest observed value exceeds the indices of all the boxes not
inspected, or when all the boxes have been inspected. Take the box with the highest revealed value.

Both our observations ((a) and (b) above) are consequences of the discovery, by Kleinberg
et al. (2016), that the searcher implementing the index algorithm always ends up taking the
box with the highest amortized value:

Definition 3 (Amortized value). For box i with index 0; and realized value v;, its amortized
value is x; = min{v;, 0;}.

Proposition 1 (Kleinberg et al., 2016). A searcher implementing the index algorithm in
the Pandora Box problem takes the box with the highest nonnegative amortized value.

By Proposition 1, for a seller in a competitive search-good market, the competition from
rival sellers can be summarized by one number: the highest amortized value from these sellers.
This number is abstracted as o, the value of the outside option, in our setup in Section 2.1. Our
seller in question is chosen by the buyer if and only if his own amortized value is greater than o.

When there is signaling, the buyer calculates the index using the posterior distribution, and
chooses the sender iff his posterior amortized value is greater than o.

2.3 The Sender’s Persuasion Problem

Given the receiver’s optimal search rule, i.e., the Index Algorithm, the sender can reshape the
receiver’s belief about the invisible item and affect the corresponding index computed by the
receiver through information disclosure. Now, we formalize the sender’s persuasion problem.

A signaling scheme is a joint distribution over realized values and signals. Under the Index
Algorithm, both the sender’s and the receiver’s utilities are determined by the realized values
and the posterior indices. Since signals inducing the same posterior index are payoff-equivalent,
we identify information strategies with joint distributions G over the value-index pair (v, 0).

Definition 4 (Feasible joint distribution). A joint distribution G € A([0,1] X [—¢,1 —¢])
is feasible if its value marginal is F' and, for Gg-almost every 0 € [—c,1 — ],

1
/0 (v=0)4—c) dG(v | 0) =0 .

We denote the set of feasible joint distributions by G(F, c), which is convex and weakly compact.*

Our original game is payoff-equivalent to the following reduced game:

1. The sender chooses a feasible joint distribution G € G(F, ¢) as his strategy.

2. The sender’s value-index pair (v, #) is drawn from Gj its amortized value  is min{v, 6}.

3. The outside option o is drawn from H. If kK > o, the receiver takes the sender’s item:;
otherwise, she takes the outside option.

3 For such a joint distribution G, we write Gy for its marginal distribution over indices. We write Go|v and Gyg
for the conditional distributions of 6 given v and of v given 0, respectively.
4 See Appendix A.1 for the formal statement and the proof.
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For the sender’s utility, he gains utility 1 if chosen by the receiver, and utility 0 otherwise.
For a realized amortized value k € [—¢, 1 — ¢], the sender’s interim utility is the probability of
the realized outside option o being smaller than k, so we define

w20 if k€ [~c,0)
= H (k) if ke[0,1—¢].

The sender’s persuasion problem is to choose an information strategy G among the joint distri-
bution space G(F,c) to maximize the expected utility:
max U(G) £ E, ¢ ¢ [u(min{v, o ) P
G U(G) £ By lu (minfv,0) (Per)
It is an infinite-dimensional linear program (LP) over joint value-index distributions, subject

to a continuum of feasibility constraints. Consequently, neither standard finite-dimensional LP
methods nor conventional one-dimensional persuasion techniques apply directly.

3 Optimal Strategy Verification

In this section, we develop a dual-certificate approach to the sender’s problem. In Section 3.1, we
show the existence of optimal solutions for both the primal and dual problems (Lemma 1), and
derive a version of complementary slackness conditions (Lemma 2). In Section 3.2, we develop a
method for deciding if a given primal solution is optimal (Theorem 1); this is by constructing a
dual solution (Algorithms 1 and 3). Finally, we apply the framework to a competitive extension
and certify a symmetric equilibrium for two senders with a common convex prior (Theorem 2).

3.1 Duality and Optimality Certificates

We formulate the sender’s problem (Pgr) as the primal problem. Define p(v, ) £ u(min{v, 8})
and q(v,0) = (v — 0)4 — c for each value-index pair (v,). To derive the dual problem, we
introduce a dual variable \(v) for the value-marginal constraint at each v € [0, 1], and a dual
variable u(0) for the index constraint at each 6 € [—¢, 1 — ¢]. Then, the dual problem is

1
rx\l}iﬂ /0 A(v) f(v) dv (DgRr)
sit. A(v) + p(@)q(v,80) > p(v,0), Y (v,6) (1)

For continuous interim utility function u(x), the primal must have an optimal solution G* by
the weak compactness of the feasible space G(F,c) (Lemma 4). We next show that, under mild
assumptions, the dual also has an optimal solution, with additional well-behaved properties.

Lemma 1 (Existence of optimal dual solutions). If function u(k) is L-Lipschitz contin-
uous for some L > 0,° the dual problem (Dggr) has an optimal solution (\*,u*) such that (i)
w*(0) € [-L,0] for each 0 € [—c,1—c|; and (ii) \* is non-decreasing and continuous over [0, 1].

Such properties make the subsequent construction of dual variables tractable. Complemen-
tary slackness also holds, and can be used to verify whether a given pair of feasible solutions is
optimal both to the primal and dual problems.

Lemma 2 (Complementary slackness). Given a feasible primal solution G* and a feasible
dual solution (X\*, u*), G* and (\*, u*) are both optimal to the primal and dual if and only if

/ N (0) + 1 (0)(0,0) — p(v,0)] dG*(0,0) =0 . 2)
[0,1]x[—¢,1—¢]

5 Let X be a subset of a Euclidean space, a function h : X — R is L-Lipschitz continuous for some L > 0 if
Ih(z) — h(y)| < Lllz — y| for all 2,y € X.
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The lemma links primal supports with binding dual constraints. Dual feasibility implies that
the slack \*(v) + p*(0)q(v,0) — p(v, 0) is nonnegative everywhere. Hence, Condition (2) implies
that this slack must vanish G*-almost everywhere. Equivalently, for G*-almost every pair (v, 6),

A* (U) = Sup {p(va 0/) - M*(QI)Q(U7 HI)} = p('U, 9) - :U’*(H)Q(va 0) ) (3)

0'€[—c,1—¢]
where p(v, 6) is the payoff of the value-index pair (v, ), and —p*(0)q(v, 8) captures its spillover
effect on the other values with the same index. Thus, p(v,8) — p*(6)q(v, ) can be viewed as the
amortized payoff generated by (v, ), while A*(v) is the maximal amortized payoff among all
indices. The optimal strategy assigns mass only to indices that maximize this amortized payoff.

3.2 Optimality Verification Procedures

Using techniques above, we develop a method to verify the optimality of a given primal solution.
Suppose the prior F' is atomless and strictly increasing over [0, 1].

We first derive a necessary condition for optimality to rule out some candidates. Recall that
u(k) = 0 whenever k < 0. Thus low values within [0, ¢| can generate positive utility only if
they are pooled with higher values to induce nonnegative amortized values. However, values
sufficiently close to zero are not worth pooling: raising them to nonnegative amortized values
requires too much distortion of higher values relative to the payoff they can generate. The
following lemma formalizes this observation through a threshold value.

Lemma 3 (Positive threshold). For any feasible strategy G € G(F, c), define
T2 {v € [0, ] ‘ supp(Gpg) N [0,v) =0 forall € (v—c,1 -],
supp(Gyjg) N (v,1] =0 for all 6 € [—c,v — c)} .

The threshold v £ supT if T # (; and v £ 0 otherwise. If G* is optimal, then v > 0.

For candidate strategies that survive, we propose Algorithms 1 and 3, which construct dual
variables A and pu respectively (Algorithm 3 is in Appendix B.4). If the two algorithms terminate
successfully, the input and their are both optimal for the respective programs.

Theorem 1 (Optimality verification). Assume that: (i) u(k) is differentiable and Lipschitz
continuous everywhere; and (ii) for every (v, 0) € supp(G), any open neighborhood of (v,0) has
strictly positive probability under G. If v > 0 and a feasible solution (A, u) can be constructed by
Algorithms 1 and 3, then G and (X, u) are optimal for the primal and dual programs, respectively.

Specifically, Algorithm 1 determines A\(v) for each v € [0, 1] using spatial relationships be-
tween the dual variables, and Algorithm 3 checks the existence of 11(#) that constitutes a feasible
dual solution along with A constructed. Algorithm 3 is relatively straightforward, so we focus
on explaining the construction of A in the main text. A few definitions are in order.

Definition 5 (Monotone support sequence). Given a joint distribution G, a monotone
support sequence of G is a sequence {(v",0™)}ymez, C supp(G) such that v™ < o™t for every
m € Z, and the sequence {0™ },cz., is either nondecreasing or nonincreasing. If {0™ }ymez, is
strictly monotone, then {(v™,0™)}mez, is called a strictly monotone support sequence.

The construction of A is based on necessary conditions for G and (A, x) to be optimal. In
other words, the deductions in the following are driven by the assumption that G is optimal,
and that a corresponding A satisfying the complementary slackness condition with G can be
constructed. We provide an illustration for Algorithm 1 in the right panel of Figure 1. By our
previous discussion following the complementary slackness conditions, if G and (A, u) are both
optimal, A(v) represents value v’s contribution to the utility. For any v € [0, 1], the determination
of A(v) falls into one of five cases. In the first two cases, we can directly determine A(v):



8 Z. Du et al.

ALGORITHM 1: LAMBDA (v): Construction of the dual variable \.

Input : Candidate strategy G; interim utility u; cost c; threshold v;
Output: The corresponding value of the dual variable A(v).

if v € [0,v] then

and any value v € [0, 1].

| A(v) + 0 and return A(v) ; // Case 1
end
if (v,v — ¢) € supp(G) then
‘ A(v) < u(v — ¢) and return A(v) ; // Case 2
end
if there is a monotone support sequence converging to (v,v — c¢) then
‘ A(v) + u(v — ¢) and return A(v) ; // Case 3.1
end
else if there is a strictly monotone support sequence converging to (v, 61) with 61 # v — ¢ then
| A(v) « /(61)q(v,61) 4 p(v,61) and return A(v) ; // Case 3.2
end
else
There is a 02 # v — c such that (v — €,v) C supp(Gye,) for some € > 0 ;
vy,  infsupp(Gye,) ;
A(v) LAMBD?éfzz)G;?(EB2’02)q(v,02) + p(v,02) and return A(v) ; // Case 3.3
Vg
end
index 0=v 0=v—c index 0=v 0=v—c
1—¢ v 1-— T P 7
: //, D /,B
¢ - y
e o
R Fe——r—eFE
Op---1--- 7/ ,,,,,,,,,,,
"
v—ct--5
1
e L L e —ck é value

Fig.1. The left panel shows the threshold value v. The right panel illustrates Algorithm 1. The solid dots and
black curves represent the support set of one candidate strategy G. The hollow dots represent the limit points
of some monotone support sequence. Case 1: Let A(va) = 0 since va < v; Case 2: Let A(vg) = u(vp — ¢) since
05 = vp —¢; Case 3.1: Let A(ve) = u(ve — ¢) since there is a monotone support sequence converging to (vc, 0c);
Case 3.2: Let AM(vp) = v/ (0p)q(vp, 0p)+p(vp, 0p) since there is a strictly monotone support sequence converging

— AMvp)=pp,0r)
q(vF,0F)

to (vp,0p); Case 3.3: Let A(vg)

q(ve,0r) + p(ve,0r) since (vr,0) C supp(Gyjo,)-

— Case 1: If v € [0,v], then Algorithm 1 returns A(v) = 0. By Lemma 3, values at or below
the threshold v make no contribution to the sender’s payoff.

— Case 2: If (v,v — ¢) € supp(G), then Algorithm 1 returns A(v) = u(v — ¢). Condition
A(w) + p(v = c)q(v,v — ¢) — p(v,v — ¢) = 0 implies A(v) = u(v — ¢) since q(v,v — ¢) = 0.

Now consider a value v that falls into neither of these two cases. As the prior distribution
is assumed to have positive density everywhere on [0, 1], there must exist a monotone support
sequence converging to the point (v,#) for some 6 € [0,1 — ¢]. Depending on the convergence
properties of this sequence, we further divide the analysis into three cases:

— Case 3.1: If there is a monotone support sequence {(v",0™)},,cz+ converging to the point
(v,v — ¢), by the continuity of A\ and the boundedness of i (see Lemma 1), we have A(v) =

limy, 00 —p(6™)gq(v™, 0™) + p(v™, 0™) = u(v — c).

— Case 3.2: If there is a strictly monotone support sequence {(v™,0™)},,cz+ converging to
the point (v, #;) for some 61 # v—c. By Lemma 2, A(v"") = —pu(0™)q(v™, 6™) +p(v™, 6™) for
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each m € ZT. The converging sequence gives infinitely many such equalities in the neighbor-
hood of (v, #). These equalities, combined with the specific formula of —u(6™)q(v™, ™) +
p(v™,0™), allows us to conclude that A(v) = u/(0)q(v,61) + p(v, 61).

— Case 3.3: If none of the above conditions hold, there must exist #2 # v — ¢ such that
(v—¢,v) C supp(Gyg,) for some € > 0. By the continuity of A, we reduce the task of solving
A(v) to solving A(infsupp(G.jg,)) and run Algorithm 1 again to solve this case.

3.3 Application: Certifying Symmetric Equilibrium

We now use the verification framework to certify symmetric equilibria in a competitive version
of the model. We first extend the single-sender model to a multi-sender game, which can be
viewed as a Pandora Box problem where each box is controlled by a strategic sender.

Competitive information design game. There are n > 2 senders, each controlling one
item. All senders share the same prior F' and cost ¢ > 0. Each sender i chooses an information
strategy G; € G(F,c). The value-index pair (v;,0;) is independently drawn from G; with the
amortized value x; = min{v;,6;}. The receiver selects a sender with the highest nonnegative
amortized value. We denote the amortized value distribution under some strategy G by

Kg(k) 2 Pr[min{v,0} < k] = G(k,1 —¢) + G(1,k) — G(k, k) .

If all opponents use G, the induced interim utility of an individual sender is®

ug (i) 2 0 if k<O,
G Kg(k)N -1 if k>0.

A feasible strategy G* € G(F,c) forms a symmetric equilibrium if and only if G* is a best
response strategy to the competitive environment ug».

Notice that Lyu (2023) also studies competition but only in the large-market limit. His
dimensionality-reduction approach can not characterize finite-seller markets, which is precisely
where our verification framework working on the joint distributions over (v, ) becomes useful.

We consider a game where all senders share a common convex prior F.” There are two cases
depending on the inspection cost. When ¢ < inf supp(F'), all realized values induce nonnegative
full-revelation indices, and full revelation is the unique symmetric equilibrium; this case has a
simpler characterization, so we defer it to Appendix B.6. We focus here on the high-cost case,
where ¢ > inf supp(F'). For a two-sender game with a common convex prior F', we construct a
symmetric equilibrium whose induced amortized-value distribution has a hinge-convex structure.

Theorem 2 (Hinge-convex signaling equilibrium). For two senders with a common con-
vex prior F' and cost ¢ > infsupp(F), there is a symmetric equilibrium G* that induces each
sender’s amortized value distribution K of the following hinge-convex structure: for certain pa-
rameters 01 € (—c,0), 02 € (0,1 —¢], and p > 0 (uniquely determined in the proof),

F(k+c¢) if k € [—¢,01] ,
K* () = F(61 +c¢) if kK € (01,0] ,

min{p- -k + F(01 +¢),1} if k € (0,02] ,

F(k+c¢) if Kk € (62,1 —¢],

where K*(02) = F (02 +¢) if 02 < 1 — ¢ (the non-degenerate case); and K*(02) =1 if6y =1—c
(the degenerate case).

6 This expression ignores ties since ties cannot exist under equilibrium in most scenarios we consider.
7 We also provide results about the symmetric equilibrium under a common concave prior; see Appendix E.
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In this equilibrium, values below 61 + ¢ are fully revealed and yield zero utility. Values in
(61 + ¢, ¢) are pooled with higher values to generate positive amortized values, which are spread
uniformly over an interval starting from 0. In the non-degenerate case, pooling stops at value
02 + ¢, and values above are fully revealed (see Figure 2). In the degenerate case, all values
above 01 + ¢ join the pooling region, so the upper full-revelation region disappears.

index 0=v f=v—c
-
,
62 ,,,,,,,7‘4 ,,,,,,
7’ |
0" t---- eeeaas |
7’ 7 |
, 7 |
4 // ! |
.7 , | .
// // I '
|
0 47777777\/77777777‘77
L7 |
,,,,, |
g = o
! |
[ | \
| |
| | : !
| | !
—c value

Fig.2. An example of the non-degenerate case in Theorem 2. In the left panel, the red curve represents the
amortized value distribution K*(x) in equilibrium, and the black curve the shifted prior F (s + ¢). In the right
panel, the red curves represent the support sets of the equilibrium strategy G™*. In the blue and yellow regions,
low values and high values are fully revealed; while in the green region, lower values in (61 + ¢, 6" + ¢) are paired
with higher values in (0" + ¢, 02 + ¢) to produce amortized values uniformly distributed over an interval.

Our findings echo a common pattern in real-world advertising. Firms often use such a three-
fold advertising regime: they highlight the product (by truthfully revealing) when the consumer—
product match is clearly good, stay silent when the match is clearly poor, and otherwise blur
the match quality—benefiting most when rivals face similarly mediocre matches.

Our proof follows the identify—construct—verify procedure. We first identify the candidate
equilibrium amortized-value distribution K*, then construct a feasible joint distribution G* that
implements it, and finally construct dual variables (A*, u*) via Algorithms 1 and 3 and invoke
Theorem 1 to certify that the constructed strategy is a best response to itself.

Step 1: Identify the candidate amortized value distribution K*. For the target structure
of the amortized value distribution K* in Theorem 2, values in (01 + ¢, 62 + ¢] are pooled so that
the induced amortized values are uniformly distributed over [0, 8] for some parameter 6] < 65
to be determined. These thresholds are pinned down by the following two equalities.

First, notice that the amortized value distribution K of any feasible joint distribution forms
a mean-preserving contraction (MPC) of the shifted prior F(x + ¢).® Due to this observation,
it holds K*(01) = F (61 + ¢) and K*(0]) = F(0] + ¢). Because K* is assessed to be linear with
slope p on this region, we obtain the first equality:

pby = F(0] +¢) — F(61 +¢) .

Second, consider the boundary value 67 + c¢. At equilibrium, this value must be indifferent
between being pooled with higher values to produce amortized value 0 and being truthfully
revealed to produce amortized value 6; < 0. Thus, the gain from pooling, F'(f; + ¢), must equal
the loss from lowering higher values’ amortized values by |61]. Since K* is linear with slope p
in the pooled region, this loss is p|6;|, giving the second equality:

F(01+c) =plbs] .

8 A distribution H € A([0,1]) forms an MPC of a distribution F' € A([0,1]) if and only if fot F(z) dz >
fot G(z) dz for any t € [0, 1] with equality at ¢ = 1. See Lemma 3.1 in Lyu (2023) for a formal statement.
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We finally prove that there uniquely exist 6; and 6] that solve the resulting system obtained
by combining the above two equalities.

F(61+¢) _ F(0,+c)—F(61+c¢)
161 01

The solution yields two cases: If K*(0]) < 1, the equilibrium is non-degenerate with 6, = 6/;
otherwise, it is degenerate with 63 = 1 — c. We sketch the remaining proof for the more involved
non-degenerate case.

Step 2: Construct a joint distribution G* that implements K*. To implement the
target amortized-value distribution K*, we fully reveal values below 61 + ¢ and above 65 + ¢,
and split the intermediate region [f; + ¢,02 + ¢] into low and high parts. Since the density f
is nondecreasing and F'(f2 4+ ¢) — F(01 + ¢) = K*(62) — K*(01) = pb2, there uniquely exists a
cutoff 0* € (01, 62) such that each value above 6* + ¢ has density of size at least p. We call such
values high, and the remaining values in the interval low.

High values serve two roles in the construction. Each high value v is truthfully revealed
with probability p/f(v), and its remaining mass is pooled with low values. The pairing must
simultaneously generate the desired amortized value distribution and preserve both the value-
marginal constraint and the row-wise index constraints.

We construct the pairing through a system of ODEs. Each index 6 € [0, 6*] pools one low
value a(f) with one high value (). The initial condition pairs the lowest and highest values:
a(0) = 01 + ¢ and 3(0) = 03 + c¢. The ODEs are chosen so that each row satisfies the index
equation and the induced amortized values have the target density. Their solution satisfies
a/(6) > 0 and B/(8) <0 for all § € [0,0%], and terminates at «(6*) = B(6*) = 0* + c.

Step 3: Certify equilibrium via the verification framework. It remains to show that
the constructed strategy is indeed a best response to itself. This is the point at which the
verification framework becomes essential. Rather than directly solving the sender’s best-response
problem, given the interim utility induced by the hinge-shaped amortized-value distribution K*,
we construct dual functions (\*, u*) using Algorithms 1 and 3. We then invoke Theorem 1 to
certify the optimality of the constructed strategy and dual functions.

4 Optimal Strategy Approximation

In this section, we analyze the sender’s best-response problem from a complementary perspec-
tive. We provide an additive FPTAS to compute a near-optimal strategy (Theorem 3).

Theorem 3 (An additive FPTAS). Suppose the interim utility function u(x) is L-Lipschitz
continuous for some L > 0. For every e > 0, Algorithm 2 computes a feasible strategy G € G(F,c)
whose payoff is at least OPT — € in polynomial time in L and 1/e. In other words, the sender’s
persuasion problem (Pgr) admits a fully polynomial-time approximation scheme (FPTAS).

The theorem complements the verification framework developed above. Since we keep the
joint distributions over value-index pairs as the decision variables, we have to preserve both the
value marginal and the row-wise index constraints throughout the approximation.

Our approximation scheme uses a two-level discretization. We first discretize the value space
to obtain a discrete prior, and then discretize the index support to obtain a finite LP (see Figure 3
for illustrations). The proof compares three optimization problems: the original continuous-prior
problem, the discretized-prior problem, and the finite LP after index discretization. We solve
for the finite LP and lift the discrete optimal solution back to the feasible region under the
original prior as the output of our algorithm. The key step is to bound the payoff loss in each
transition between the three problems above. We provide the proof sketch below.
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Proof Sketch. The first problem is the original sender’s persuasion problem (Pggr), which
admits an optimal solution G* with optimal value OPT.

The second problem is obtained by discretizing the value prior. For a grid size § € (0,1), we
uniformly partition the value space [0, 1] into intervals {I, };cps. We then move all probability
mass of F' in each interval I, to its midpoint v,., thereby obtaining a discrete prior

M
F(S = Z fza : 5111' where ff = F(IZ) ’ (4)
i=1

and d,, denotes the Dirac measure at v;. We define the optimal value under the optimum G
OPT; £ maxg, eg(ry.c) U(Gs) = E(vo)~c; [u (min{v, 0})] . (Pgr)

The two problems are not directly comparable: their feasible sets are G(F, ¢) and G(Fy,c),
neither of which contains the other. Thus, there is no immediate ordering between their optimal
values. Nevertheless, their optimal values satisfy the following two-sided stability bound:

|OPT — OPT;| < Ls . (5)

To prove this, we construct feasible solutions in both directions. Starting from G*, we move each
row’s value mass to the corresponding grid midpoints and recompute the row index, obtaining
a feasible solution under Fj. Since both values and recomputed indices move by at most ¢, the
Lipschitz continuity of u implies a payoff loss of at most Ld. Conversely, starting from G, we
spread each midpoint mass back to its original value interval according to the conditional prior
and recompute row indices. The same argument also gives a payoff loss of at most Ld.

The third problem is a finite LP obtained by further discretizing the index support. Let
vy < --- < vyr denote the support of the discretized prior Fs. Define ©5 £ [v; — c,vy — ¢ as
the effective index domain under Fjs. Fix a granularity € € (0,1), we first discretize the payoff
range of the interim utility u(x). For each £ £ ke, we compute the corresponding generalized
inverse &, £ inf{f € Oy : u(f) > {;}. We then identify the full index grids:

F2 v —cie[MYU{uvi:ie[MDYNO;) U :k=0,1,...,[1/]} . (6)

Denote R = |I'|. The points v; ensure that the mapping 6 +— min{v;, #} has no kink inside any
grid interval. The points v; — ¢ ensure that the function ¢;(0) = (v; — )+ — ¢ does not change sign
inside any grid interval. The payoff-grid points £ ensure that moving mass between adjacent
grid indices causes at most € utility loss. Let = (:vi,«)ie[ M),re[Rr) be the decision variable, where
xi > 0 denotes the probability mass assigned to (v;, 6,). We consider the following finite LP:

M R
L 3 . .
OPTs = I;lg(})( Z Z u(min{v;, 0,}) 4

=1 r=1
R
st Y i =fl, vie[M], (PER)
r=1
M
((vi—6)+ —c)zir =0, Vrel[R].
i=1

Since every solution is also feasible for the discretized-prior problem (PgR), it holds OPT;, <
OPTs. The converse approximation follows from a rounding argument. Any feasible strategy
under Fj can be rounded to the grid I" by splitting each non-grid row between the two adjacent
grid rows. The construction ensures that the total loss is at most €. Hence

OPT; — e < OPTs, < OPT, . (7)
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Finally, we solve the finite LP and lift its optimal solution G, back to the original prior F'.
By the same lifting argument as above, this step incurs at most Ld payoff loss. Combining the
loss bounds (5) and (7) achieved above, the resulting feasible strategy G € G(F, c) satisfies

U(G) > OPTs, — L6 > OPT — ¢ — 2L5 .

Thus, the constructed strategy G is the output of our FPTAS, which achieves any constant
factor approximation to the optimal solution G*.

| index 6 = 0=v—c
— C
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Fig. 3. Illustration of the two-level discretization in Theorem 3. The left panel shows the payoff-grid construction
for the interim utility (k). The right panel shows the resulting finite linear program supported on the value-index
grids after discretizations. The black points denote the supports of the discrete solution under the finite LP.

ALGORITHM 2: An additive FPTAS

Input : Prior F' € A([0,1]); Inspection cost ¢ > 0; L-Lipschitz interim utility u(x); Target error € € (0, 1).
Output: A feasible strategy Ge G(F,c) with payoff at least OPT — €.

Set the discretization parameters € < €/2 and ¢ < min {1/2,€/4L}

Construct the discretized prior Fj according to (4) under parameter §

Construct the index grids I" according to (6) under parameter €

Construct and solve the finite linear program (Pg‘g,:). Let Gj . be an optimal solution
Lift G . back to the original prior F' by spreading each mass at v; over I;, and obtain G

return C:*
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A Proofs in Section 2

A.1 Lemma 4 and Its Proof

Lemma 4. For any prior F' and cost ¢, the action space G(F,c) is convex and weakly compact.

Proof of Lemma 4. We divide the proof into two steps.

First, we show that the strategy space G(F,c) is convex given any prior F' and cost c.
Consider two feasible strategies G € G(F,c) and H € G(F,c) (with densities g and h). We want
to prove that the convex combination K (z) = A- G(x) + (1 — \) - H(z) for any = € [0,1] (with
density A- g+ (1 — A) - h) also belongs to space G(F,c) for any A € [0, 1].

To see this, first, for all indices 6 € [—¢, 1 — ¢], it holds

A Buag p[max{v — 6,0} + (1 = A) - By [max{v — 6,0} = c .

Besides, for each value v € [0, 1], it holds

1—c 1—c
)\~/9 gp(8) dv+ (1) / h(8) 48 = f(v) .

=—cC 0=—c

Therefore, we have proved that any convex combination of the two feasible strategies also
satisfies all the constraints of space G(F, ¢), which makes G(F,c) convex.

Second, we show that the strategy space G(F, c) is also compact. The boundedness of space
G(F,c) can be directly obtained by the fact that space G(F,c) is indeed a measure space over
[0,1] X [—¢,1 — ¢]. Since [0,1] x [—¢,1 — ¢] is a compact metric space, the space of probability
measures A([0,1] x [—¢,1 — ¢]) is compact in the weak topology by Prokhorov’s theorem.

Next, we prove that the strategy space G(Fj, ¢;) is weak closed. We assume that there exists
a sequence {G"},,cz with each G™ € G(F,c), weakly converges to a certain 2-D distribution
G, we shall prove the limit point G also belongs to set G(F,c).

To see this, we first check the marginal constraint (Bayesian plausibility). Since each G™ €
G(F,c), we have

1-c
/9 g™ (v,0)do = f(v), VYvel0,1].

=—c

It is equivalent to the following condition: for all bounded and continuous function ¢ defined on
[0, 1], we have

(v) dG™ (v, 0) = /  0l0) ().

(v,0)

According to the definition of weak convergence, we have

1
lim 6(v) AG™(0,0) = [ o(v) dG(v,0) = / o0 dF@),

m=—00 (v,0) (v,0)

which is further equivalent to

1—c
| swoya=se). voepa).
O=—c
We then check the index constraint, which is

1
/:0((0—9)+—C)gm(v,9) dv=0, VOe€[-c,1—(].
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It is equivalent to the following condition: for all bounded and continuous function 3 defined
on [—¢,1 — ¢, we have

T (/ (w0, o) 16"(0.0)) a6

O0=—c =0

= " () ((v—0)y —c) dG™(v,0) =0 .
Both functions ¢ and (v — #)4 — ¢ are bounded and continuous in 6 and (v, ), respectively.
According to the definition of weak convergence, we have

lim P(O)((v—0)+ —c) dG™(v,0) = P(@)((v—0)+ —c¢) dG(v,0) =0 .

m=o0 J(v,0) (v,0)

This fact is equivalent to

1
/ (v=0)y —c)g(v,0)dv=0, VO€[-c,1—(].
v=0

Thus we have proved that the limit point G' must belong to space G(F,c), which makes
the space closed. To sum up, we have achieved the boundedness and closeness of space G(F,c)
under weak convergence, and we can directly make space G(F,c) weak compact through the
Heine-Borel Theorem. a

B Proofs in Section 3

B.1 Proof of Lemma 1

Before proving Lemma 1, we have to introduce the following Lemmas 5 to 7 with respect to the
properties of dual variables A(v) and p(6).

Lemma 5. For any dual solution (A, p), it holds that A(v) > u(v —¢) > 0 for each v € [0, 1].

Proof of Lemma 5. For each v € [0, 1], by the fact that tuple (v,v — ¢) satisfies Condition (1),
we directly have A(v) > u(v —¢) > 0. 0

Lemma 6. Assume there exists a constant L > 0 such that the interim utility function u is
L-Lipschitz continuous over |[—c,1 — ¢|. If there exists an optimal solution (\*, u*) to the dual
problem Dgr, we can without loss assume that p*(0) € [—L,0] for each 6 € [—c,1 —¢].

Proof of Lemma 6. First, we prove p*(0) < 0 for each 6 € [—c, 1—c| by contradiction. We assume
that there exists an optimal dual solution (A\*, u*) with p*(#) > 0 for some 6 € [—c,1 — ¢]. If
A (v) > p(v,0) — u*(0)q(v, 0) holds for all v € [0, 1], then assuming p*(f) = 0 is without loss of
generality, since this assumption does not affect the dual objective while keeping the constraints
hold. If there exists a value 7 > 6 with \*(v) = p(v,0) — u*(0)q(v,0), then for any 6§ > v, by
Constraint (1), it holds that A\*(v) > u(v). For the tuple (7,0), also by Constraint (1) and the
monotonicity of u, we know that \*(¥) = u(f) — u*(9)(v — 0) < u(f) < u(v), which forms a
contradiction. To sum up, we have proved that, for any optimal solution (A*, u*) to the dual
problem, we can without loss assume that p*(6) < 0 for each 6 € [—¢,1 — ¢].

Second, we prove that for each § € [—¢,1 — ¢], u*(0) is bounded by the constant L. The
Lipschitz continuity of function u implies that |u(z) —u(y)| < L-|x—y| for any z,y € [—c,1—¢].
We assume that there exists a 0y € (—c¢,1 — ¢) (the case of §p = —c or 1 — ¢ is trivial) with
1(0p) < —L. Then we know that u(v — ¢) > —u(6p)q(v,6p) + p(v, bp) for any v € [0,6y + ¢] and
u(v —¢) < —pu(0o)q(v,00) + p(v,0y) for any v € [0y + ¢, 1]. So setting pu(0) = —L will weakly
further decrease the objective function. To sum up, we have proved that —u(f) < L, that is
function u is bounded by the constant L. Directly by Constraint (1), we know that the function
A corresponding to the bounded function u, is also bounded. a
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Lemma 7. Assume there exists a constant L > 0 such that the interim wutility function u is
L-Lipschitz continuous over [—c,1 — c]. If there exists an optimal solution (X\*,p*) to the dual
problem Dgr, then the function \*(-) is non-decreasing and continuous over [0, 1].

Proof of Lemma 7. Suppose (A*, u*) is optimal to the dual problem Dgr. By Constraint (1) and
the objective of the dual problem, we have

A*(U) = 0 [Hlai( ]—u*(Q)q(U,G) —l—p(?),@) , WYwe [07 1] :
€|—c,1—c

Given a certain 0 € [—¢,1 — ¢, for all v € [0, 1], we define

Fafv) & —u* O)alv.0) + pl(0,0) = {‘“ O ” dm o) =0,
u(v) + ep*(0) ifv<@.
We observe that function Lg(-) is linear over [0,1] and forms a shifted version of function u
over [0,0]. Besides, \*(v) = maxge|_c,1—( Lg(v) for each v € [0,1]. By Lemma 6, it is obvious
that function Ly is non-decreasing over [0,1] for each 6 € [—¢,1 — ¢|. By the fact that \*(v) =
MaXge[—c,1—d Lg(v) for each v € [0, 1], we have the function A*(-) is also non-decreasing over [0, 1].
Since the dual variable p* is a bounded function (Lemma 6) and the function u is continuous
over [—¢,1 — ¢|, we know that each Lg(-) is continuous over [0,1] for any 6 € [—¢,1 — ¢]. This
further implies that the function \*(-) is also continuous over [0, 1]. 0

With these lemmas above, now we can prove Lemma 1.

Proof of Lemma 1. Based on the necessary conditions of the optimal solution to the dual prob-
lem (Lemmas 6 and 7), the dual problem Dgg is equivalent to the following convex optimization
problem Dngw:

1
1}1\}1;1 /0 A(v)f(v) dv (Dnew)
subject to  A(v) = Ge[rzlgic] {p(v,0) — n(@)q(v,0)} , Yove0,1] (8)
u(@) <0, VOel-c1—c| (9)

Any optimal solution (A\*, u*) to the problem Dygw also forms an optimal solution to the dual
problem Dgg, and vice versa. Thus, it suffices to prove that Dygw has an optimal solution, and
for any optimal solution (A*, u*) it holds: (i) p*(0) € [—-L,0] for any 0 € [—¢,1 — ¢]; and (ii) A*
is non-decreasing and continuous over [—c¢, 1 — ¢]. We divide the whole proof into two steps.

Step-1: There exists an optimal solution (\*, 1*) to the problem Dygy. Let

1
OPT = inf/o A(v) f(v) dv

A

denote the optimal value of the dual problem. Let OBJ(A, i) denote the objective value of any
pair of feasible solutions (A, ). We aim to show that there exists a feasible solution (A\*, u*)
with OBJ(A\*, u*) = OPT. Whether the dual problem has an optimal solution or not, there
always exists a feasible solution sequence {(A™, u™)},,cz+ such that the corresponding objective
sequence {OBJ(A™, 1) },,ez+ converges to the optimal value OPT™.

By Lemma 7, we know that function A is non-decreasing. Besides, without loss of general-
ity, we can assume that function A is also bounded. Combining these two facts, the sequence
{\"™},,cz+ also weakly converges to certain function A\* that satisfies fol A*(v) f(v) dv = OPT™.
Next, we show that there exists a function p* that forms a feasible solution with the function
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A*. For any m € Z™, each pair (A™, u™) is feasible. So by Constraint (1), for any 6 € [—¢,1—¢],
we have that

max LD =AW gy < pin i 2 =00y 2O =AML
vE[f+c,l] UV — 0—c v€E[0,0) c vElf,0+c) UV — 0—c

Since the pair (A, u'™) is feasible, we have

max —u(G) —A"(v) < min< min —)\ W)~ u(v)’ min —u(ﬂ) —A"(v) ,
velf+¢1] v—0—c v€[0,0) c velfd+¢) v—0 —c
and such p™ exists. When m — oo, we have
m max MO AT o w0 - AR)
m—=oovelf+c,l] v—0—c vE[f+¢l] v—0—c
and we have
lim min { min @) u) WW}
m—00 ve0,0) c Tvelp0+e) v—0—c
:min{ min X M} _
v€[0,6) c velfb+c) v—0 —c

Thus, we know that there also exists such p* that forms a feasible solution along with function
A*. To sum up, we have proved that there exists an optimal solution (A*, u*) to the problem
Dnew- By the equivalence of Dypw and Dgg, there also exists an optimal solution to the dual
problem Dgg.

Step-2: For any optimal solution (A\*, u*) to the dual problem Dgg, u*(0) € [-L,0] for
any 6 € [—¢,1 — ¢|, and \* is non-decreasing and continuous over [—c,1 — ¢|. These
conditions hold directly by Lemmas 6 and 7. ad

B.2 Proof of Lemma 2

Proof of Lemma 2. First, we prove the sufficiency of Lemma 2. The dual variables A(v) and
w1(0) are both bounded measurable functions, so the order of integration can be interchanged
for any double integral over [0, 1] X [—¢, 1 —c¢] under Fubini’s Theorem. It is obvious that both the
primal and the dual have a feasible solution. We consider any pair of feasible solutions (g, A, ).
First, by the value-marginal constraint, we have that

/U 0/ ,0) dv 019_/01 A(v)f(v) dv . (10)

By the row-wise index constraint, we have that

/DO/_C q(v,0)g (v9)dvd9—/ /UO )g(v,0) dvdd=0.  (11)

After combining Equation (10) and Equation (11), we achieve that

1 1—c 1
[ [ D)+ n0)ae.) g(0.0) dvao = [ a@)f(w) v (12)
v=0 JO=—c 0

By Constraint (1), we have that

/vo/ v) + ul0)a(v, )]g(v, ) dvd9>/w/_c 0.0 dvdd.  (13)
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Next, we assume that there exists a pair of feasible solutions (¢g*, \*, u*) that satisfies Condition
(2), that is

1 1—c 1 1—c
/ / V(o) + 1 (0)q(v, B)lg" (v, 6) du dB = / / p(0,0)g"(v,60) dv . (14)
v=0 JO=—c v=0 JbO=—c

For this special pair of feasible solutions, after combining Equation (12) and Equation (14),

then we have
/ A*(v) f(v) dv —/ / (v,0) dv df . (15)
v=0

For any feasible solution g to the primal problem, after combining Equation (12) and Equation

(13), we obtain that
/ (v ) dv > / / g(v,0) dv do . (16)
v=0

By Equation (15) and Inequality (16), we have

/ / p(v,0)g9* (v, ) dvd0>/ / )g(v,0) dv dé
v=0 v=0

which means the special solution g* is optimal to the primal problem (Pgr). In the same
manner, we can also prove that (\*,u*) is the optimal solution to the dual problem (Dgg).
Besides, Equation (15) implies that the strong duality holds between this primal problem and
the dual problem.

Then we prove the necessity of Lemma 2. We assume that G* with density g* is an optimal
solution to (Pgr) and (A\*, u*) is the optimal solution to Dggr. Since the strong duality holds,

we know that
/ A (v) f(v) dv —/ / (v,0) dv df . (17)
0 v=0

By the value-marginal constraint, we have that

/v 0/ (v,0) dv df = /01 A (v) f(v) dv . (18)

By the row-wise index constraint, we have

1 1—c
/:0 /0:_ 1 (0)q(v,0) g*(v,6) dv d =0 . 19)

Combining Equation (18) and Equation (19), we have achieve that

1 1—c 1
/ / N (0) + 1 (8)g(v, 0)] ¢ (v, 6) dv df = / N () f(v) dv (20)
v=0 JO=—c

0

Combining Equation (17) and Equation (12), we achieve that

1 l1—c
/ » /9:_ [X*(v) + 1 (0)q(v, 0) — p(v,0)] g% (v,0) dv df =0,

which means that the optimal solution to the primal problem G* and the optimal solution to
the dual problem (\*, ©*) satisfy Condition (2). 0
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B.3 Proof of Lemma 3

Proof of Lemma 3. For any feasible 2-D distribution G, there being no such threshold value v
implies that, there exists a tuple (0,60) € supp(G) such that # > 0. In any best response G*,
without loss of generality, we can assume that such (0,6) € supp(G) with 6 > 0 does not exist
since pooling value 0 up to a positive index brings no utility increase. ad

B.4 Algorithm 3 for Construction of Dual Variable p(6)

Here is the algorithm to construct the dual variable p(6) for any 6 € [—¢, 1 — ¢].

ALGORITHM 3: MU (6): Constructions of the dual variable

Require: Strategy G; Interim utility u; Cost ¢; Threshold value v; All A(v) for v € [0, 1].
Ensure : Whether the construction is valid (True/False).

for 0 € [-c,uv— ] do
| (@) «0;
end
for 0 € supp(Gy) U (v —¢,1 —¢] do
if supp(G.j9) = {6 + c} then
if max M < min{ min M, min M} then
ve(b+c,1] v—0 —¢ v€E[0,6) c velf,04¢c) v—0—c
‘ return False ;
end

(v)=u(v)
c

w(0) < min {minvemﬂ) A wUO)=A)

7minv€[0,0+(;) v—0—c } 5
nd
else

]

Lret <— None ;

for v € supp(G.jp) \ {0 + ¢} do

p(v,0)=A(v) .
Hecur < q(v,0) )

if prep = None then
‘ Href < Mcur ;
end
else if picur # firer then
‘ return False ;
end

end
M(e) < Mref ;

end
end
or 0 ¢ supp(Gy) do
it max WO —AW) min{ min 2@ =) M} then
ve(f+c,1] v—0 —c ve(0,6) c ve[f,04¢c) v—0 —c
‘ return False ;
end

=

A(v)—u(v) u(0)—A(v)

, MINye[6,0+c) ﬁ} )

() < min {mil’lve[oyg)
end
return True ;

B.5 Proof of Theorem 1

Before proving Theorem 1, we have to introduce the following lemmas.

Lemma 8 (Case 1 in Algorithm 1). Given G* and (A\*, u*) are both optimal to the primal
and dual problems, then we without loss of generality assume that \*(v) = 0 for each v € [0, ]
and p*(0) =0 for each 6 € [—c,v — ¢J.
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Proof of Lemma 8. Since strategy G* is optimal to the primal problem, the threshold value v
is above zero. Assuming no pooling is made to values [0, v) is without loss of generality, thus we
have \*(v) = 0 for any v € [0,v]. Besides, we can assume that p*(0) = 0 for each 6 € [—¢,v — ]
without loss of generality. Since assuming p*(6) = 0 for each 6 € [—c¢,v — ¢] does not affect the
objective of the dual while keeping all constraints held. ad

Lemma 9 (Case 2 in Algorithm 1). Given G* and (X\*, u*) are both optimal to the primal
and dual problems, if there exists v € v, 1] such that (v,v—c) € supp(G), then \*(v) = u(v—-c).

Proof of Lemma 9. By Lemma 2, it directly holds that A*(v) = —p*(v—c)q(v,v—c)+p(v,v—c) =
p(v,v —¢) = u(v — ¢) since q(v,v —¢) = 0. O

Lemma 10 (Case 3.1 in Algorithm 1). Given G* and (\*,u*) are both optimal to the
primal and dual problems, for any (v,0) with v =0 + ¢, if there is a sequence {(v™, 0™)},ez+
converging to (v,0) such that : (i) (v™,0™) € supp(G) for any m € Z*; (ii) {v"} ez 18
strictly increasing; (iii) {60™},,cz+ is monotone; and (iv) v™ € (0™,v) for any m € Z*, then
A (v) = u(v —¢).

Proof of Lemma 10. For any m € Z*, since (v, 0™) € supp(G*), Lemma 2 implies that
AT (W™) = —p*(0™)q(v™, 0™) + p(v"™,0™) = —p*(0™) (V™ — 0™ — ) + u(07) .

Besides, since the function u is Lipschitz continuous everywhere, we have already proved the
boundedness of the function  in Lemma 1. Thus, we know that

A*(v) = lim A*(v™) = lim p(v™,0™) =u(v—c) .

m—r0o0 m—0o0

This completes the proof. a

Lemma 11 (Case 3.2 in Algorithm 1 for the limit point (v,6) with v < 6). Given G*
and (X*, 1) are both optimal to the primal and dual problems, for any (v,0) with v € (v,6),
if there is a sequence {(v"™,0™)},,ez+ converging to (v,0) such that : (i) (v"™,0™) € supp(QG)
for any m € Z*; (it) {v™} ezt is strictly increasing; (iii) {0™} ezt is monotone; and (iv)
0™ > v for anym € ZT, then —p* (™) = /(™) = o/ (6™2) = —p*(60™2) for any my,mg € ZT.
Besides, \*(v) = u'(61)q(v,0) + p(v,0).

Proof of Lemma 11. Without loss of generality, we can assume that {6™},,cz+ is also strictly
increasing. For any m € Z*, by Lemma 2 and the fact that function \* is continuous, we know
that for any my, mg € Z* with my > mo,

N ™) = () max () +u(@™) = (0 () +u(e™)

and
A(W™) = (=0), o ]_ﬂ*(ﬁ’) +u(v™?) = —p*(0"2)(—c) + u(v™) .
'e[v,1—c
Combining these two equations, we achieve that

max it (0) =~ (0™) = (0™
0'€fv,1—C]

Next, we aim to prove that p*(0™) = —p*(6™2) = u/(6™) = «/(0™2). To form feasible indices
6™ and 6™2, there must exist (0"1,6™) € supp(G*) with 9™ > 0™ + ¢, and (0"2,0™2) €
supp(G*) with 92 > ™2 + ¢. By Lemma 2, it holds that

XF(™) = (BT (6™ — 0™ — )+ u(™) > — (67 (6™ — 0™ — ) + u(8™)
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and
A*(02) = —p*(02) (0™ — 02 — ¢) + u(0™?) > —p*(07) (0™ — 0™ — ¢) + u(6™) .

Since (i) the function —p*(6™ )q( - ,0™') 4+ w(6™") is linear over [f1,1 — ¢] and crosses (0! +
c,u(0™)); (ii) the function —p*(6™2)q( - ,0™2) + u(0™2) is linear over [f2,1 — ¢] and crosses
(02 + c,u(0™2)); and (iii) —p*(0™) = —p*(0™2), it must hold that p*(0™) = —p*(0™2) =
u' (™) = 4/ (#™2) and these two functions overlap over [0 + ¢, 1 — .

Recall that A*, p, g are all continuous; we complete our proof by showing that

M(v) = lim M(0™) = lim —p*(0™)g(v™, 0™) + p(v™,0™) = u' (61 )q(v,0) + p(v,0) .

mM— 00 m—00

This completes the proof. a

Lemma 12 (Case 3.2 in Algorithm 1 for the limit point (v,0) with v € (0,0 + ¢)).
Given G* and (\*,u*) are both optimal to the primal and dual problems, for any (v,0) with
v € (max{v,0},0+c), if there is a sequence {(v™,0™)},,cz+ converging to (v,0) such that : (i)
(v™,0™) € supp(G) for any m € Z*; (ii) {v™} ezt is strictly increasing; (i) {0™},,cz+ is
monotone; (iv) let §' = 8 0™ € (v—c,0') and v™ € (0',v) for any m € ZF, then —p* (™) =
o/ (0™) =/ (0™2) = —p*(0™2) for any my,ma € ZT. Besides, \*(v) = u'(61)q(v,0) + p(v, ).

Proof of Lemma 12. Without loss of generality, we can assume that {6™},,cz+ is also strictly
increasing. We can consider two tuples (v?,63), (v* 6%) with 6 < v3 < vy < v and 64 > 03.
There exist tuples (93, 03), (v, 04) € supp(G) such that v3 > 62 + ¢ and v* > 6* + c. Based on
Lemma 2, we achieve the following inequalities:

—p(0%)q(v3,0%) + p(v3,0%) > —p*(0%)q(v%, 0*) + p(v3, 0%)
—p(0%)q(0%,0%) + p(v3,0%) > —p*(0%)q(%, 0*) + p(v%,6%) ,
—M*(94)Q(U4, 04) +p(v4, 94) 2 _M*(ei’))q(vél7 93) —|—p(’U4, 93) 7
— 15 (0)q(v*, 0%) + p(v*, 0) > —p*(6%)q(v*, 0%) + p(v*,6°) .

Since (i) the function —u*(62)q( -, 03)+p( -, 03) is linear over (#',v); (ii) the function —p*(6%)q( -, 63)+
p(+,0%) crosses (03 +c,u(6?)); (iii) the function —u*(04)q( - ,0*) +p( - ,6%) is linear over (¢, v);

and (iv) the function —u*(6%)q( - ,0%) + p( - ,0*) crosses (0* + c,u(#*)), the above four in-
equalities imply that p*(03) = p*(0*) = v/ (6%) = v/(6*) and these two functions overlap over
(0',1]. The above analysis holds for any mi,mo € Z* with m; < mso. Thus we know that

pr (™) = p*(0m2) = /(™) = u/(0™2) for any mq,mg € Zt. For any m € Z*, it holds

)\*(,Um) — p(,vm79m) . u*(em)q(vmjem) )
Passing m to infinity, we achieve that

N () = p(v,0) — 1*(6")q(v, 8) =/ (6")q(v, 0) + p(v, ) .
This completes the proof. a

Lemma 13 (Case 3.2 in Algorithm 1 for the limit point (v,0) with v > 0+ ¢). Given
G* and (\*, u*) are both optimal to the primal and dual problems, for any (v,0) with v > 0 + ¢,
if there is a sequence {(v"™,0™)},,cz+ converging to (v,0) such that : (i) (v™,0™) € supp(QG)
for any m € Z%; (i) {v™} ezt is strictly increasing; (iii) {0™},,cz+ s monotone; (iv) let
0 == ¢ (0,0 —c), 0™ € [0,0') and v™ € (0 + c,v) for any m € ZF, then —p*(0™) =
u'(0™) = o/ (0™2) = —p*(0™2) for any my1,ma € ZT. Besides, \*(v) = u'(6Y)q(v,0) + p(v, 0).
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Fig. 4. Graph illustration of Lemma 13

Proof of Lemma 13. We proceed with the proof in two steps.

Step-1: Prove that —u*(0™) = —p*(60™2) = /(6™) = /(6™2) for any my,ms € Z". Let
v £ inf supp(Gjem) for any m € ZT. Since the sequence {(v"™,0™)},,cz+ converges to (v,6),
the sequence {(v]",0™)},,cz+ also converges to some (v, ) with v; < 04 c. We divide the proof
into the following three cases.

(i) Case 1: v; < . We can prove this result using a similar method as Lemma 11.

(ii) Case 2: v; € (0,0 4 ¢). We can prove this result using a similar method as Lemma 12.

(iii) Case 3: v; = 0. If the sequence {0} is also decreasing, then we know that there exists a sub-
sequence {m(k)},cz+ such that {(vlm(k), 0"k}, czv converges to (vy, ), and is decreasing.
In this case, we can prove the target result using a similar method as Lemma 11.
Thus, without loss, we can assume that the sequence {6} is increasing, and there exists
a subsequence {m(k)}pcz+ such that {(vlm(k)ﬁm(k))}kew converges to (v;,0), and is also
increasing. Abusing the notations a little, we rename the sequence {m(k)},cz+ as {m}cz+.
Since the sequences {v"},,cz+ and {0},,cz+ are both increasing, by Lemma 2, we know
that {—p*(0™)}nez+ is also increasing. We have already prove the boundedness of p*, thus
{—=p*(0™)} mez+ also converges to some real number, which is denoted as —f, that is

. wigmy o~
Jim =y (0™) = —fi .
Next, we aim to prove that there exists an M > 0 such that for any m > M, —p*(0™) = —j.
We prove it through contradiction. We assume that for any m < oo, it holds that —p*(0™) <
—f1. We consider three sequences: (1) {(v]", A(v]")) bimez+, (ii) {(0™+c,u(0™)) }mez+, and (iii)
{(W™, Av™)) binez+- Let (24, yq) denote the limit point of the sequence {(v]", A(v]")) }mez+-
Let (zp,yp) denote the limit point of the sequence {(6™ + ¢, u(6™))}mez+. Let (zc,ye)
denote the limit point of the sequence {(v™, A(v"))},ncz+. Based on the graph illustra-
tions, we can observe that u/(f) < —fi. Next we aim to show that these three points
(TasYa), (Tb, Yp), (e, ye) lie in a common linear function. First, we show that i’f%yb = —i:
Ye — Yo

N u(m)
ZTe—xp m—oo ™ — (0™ + ¢)
—p (™)™ — (0™ + )]

— 1
o300 ™ — (0™ + ¢)
BT KA — 5
= lim —p7(0") =~/ .
Next, we prove that gz:iz‘; = —/i. For any m € Z™*, we have that
mwe ™) - M)

Ty —Tq m—ooo O™ +c—

u(8") — (Cp(OM)alep0) + po ™)

= 1i
300 0+ c— (v — gm) — gm
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Combining these two facts, we know that (x4, ¥a), (Zp, %), (Tc, ye) lie in a common linear
function. Under this fact, we know that for sufficiently small ¢ > 0,

—u* (0 —€)q(v;, 0 — €) + p(v, 0 — €) > —p*(0)q(vy, 0) + p(vy, 0) ,

which forms a contradiction with the fact that the sequence {v}",6™},,cz+ converges to
(v, 0) with v; = 6. Thus, we have proved that the assumption in the beginning is invalid. To
sum up, we have proved that there exists a sufficiently large M > 0 such that —p*(60™!) =
—p*(0™2) for any mq, mg > M. Using a similar idea of Lemma 11, we can also prove that
—pF (™) = —p*(0™2) =/ (0™1) = W/ (0™2) for any mq,mg > M.

Step-2: Prove that \*(v) = u/(0)q(v,0) + p(v,0). For any m € Z*, Lemma 2 implies that
AT (™) = p(™, 0™) — p(0™)q (0™, 0™) .
Passing m to infinity, since functions A\*, p, ¢ are both continuous, we achieve that
X (v) = p(v,0) — p*(01)a(v,0) = u'(0")q(v, 0) + p(v,0) .
This completes the proof. ad

Lemma 14 (Case 3.2 in Algorithm 1 for the limit point (v,6) with v = 6). Given G*
and (X, u*) are both optimal to the primal and dual problems, for any (v,0) with v = 0 + ¢,
if there is a sequence {(v"™,0™)},,cz+ converging to (v,0) such that : (i) (v™,0™) € supp(G)
for any m € Z*; (ii) {v™}hez+ is strictly increasing; and (111) {6™},,cz+ is monotone, then
there exists a sufficiently large M > 0 such that —p*(0™) = u/(6) for any m > M. Besides,
A*(v) = u/(0)q(v,0) + p(v,0).

Proof of Lemma 14. Based on the properties of the sequence {(v"™,0™)},,cz+, we can divide
the proof into three cases:

index=value index=value-c

Fig. 5. Graph illustration of Lemma 14

Case 1: The sequence {§™},,c7+ is decreasing. This lemma can be proved in a method
similar to that of Lemma 11.

Case 2: The sequence {0}, c;+ is increasing, and there exists M > 0 such that
v™ > 0™ for any m > M. For any m € Z™", there exists (0™, 0™) € supp(G*) with 0 > 0™ +c.
By Lemma 2, we have that

P, 0™) — T (0™)g (57, 0™) = (0™, 07 ) — it (0" )g (5, 0™
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Since the functions p(-, 0™) — p*(6™)q(-,0™) and p(-, 07+) — p* (0™ 1)q(-, 6™ 1) are both linear
over [0™, 1], it follows that —u*(6™) > —p*(™F!) and 6™ > 9™FL. Since the function u* is
e

bounded (Lemma 1), we know that ligl —p*(0™) = —

We consider three sequences: (i) {(v™, A(v™))}nez+, (i) {(0™ + ¢, u(0™))}nez+, and (iii)
{(™, A\(9™)) };nez+ - Notice that for any m € ZT, three points (v, A(v™)), (6™ +c, u(6™)), (0", A(2™))
lie in a common linear function —p*(0™)q(-, 6™)+p(-,0™) over [0, 1—c]. Let (x4, ya) denote the
limit point of the sequence { (v, A(v™))},nez+- Let (x4, yp) denote the limit point of the sequence
{(0™ + ¢, u(0™)) }rnez+- Let (2, y.) denote the limit point of the sequence {(0™, A\(0™))}nez+-

We can observe that the function —p*(6)q(-, ) + p(-, 0) crosses the point (3, yp). It follows that
u'(0) > —p.

Next we aim to prove u/(f) = —u through contradiction. We assume that u/(6) > —u. We

divide the proof into two cases. B N

Subcase 2.1: Points (z3,1;) and (z.,y.) do not overlap. We show that Y= — —;.

c—xp e

Ye=Up _ py, ATOT) —u(0™)
Te—xp m—oo O™ — (0™ + ¢)

—p (™)™ — (0™ + o]

= lim

m—00 om — (0™ +¢)
T KA —
= g, ) =u
In a similar manner, we can also prove that #=% — —;. Thus, we have proved that points
b Ta

(TayYa), (b, Yp), (Tc, ye) lie in a common linear function. Next we consider an index 6 + € for
sufficiently small € > 0. Since the function A\* is continuous, we know that

" (O)q(we, 0) + plae 6) > —p* (0 + glee, 6 + ) + plae, 0+ €) |

which further implies that —p*(0 + €) < —p. Finally, we know that

(O +e)qv,0+¢€) +p(v,0+e) =u(v)+p (O+e€) - c>uw)+u-c=Av),

which forms a contradiction to Lemma 2. Thus, we have proved that u'(f) = —p.

Subcase 2.2: Points (xp,y5) and (z.,y.) overlap. For any m € Z*, it holds A(9™) >

u(0™ — ¢). The fact that points (xp,ys) and (z¢,y.) overlap implies that A*(6 + ¢) = u(6).
Further,
A(0™) = A0+ ¢) S u(0™ —¢) — u(f)
m—60—c —  m—0—-c

A(B™) = A(0+c)

=g . Thus, we
vt —=tv—c

Based on the graph illustrations of these functions, we know —p*(6™) >
have that
u(0™ —¢) — u(h)

_* m >
o) M —0 —c

Passing m to infinity, we achieve that
= Tim —p(0™) > (0)
- m—0oQ

which forms a contradiction with the former assumption.
By combining these two cases, we have proved that —p = v'(6). We know that £2=0¢ = —p.
Thus, we have that
iy Y~ Ya _ u(f) — A" (v)
w(l)=-p= =
Tp — Tq 0+c—w

which implies that A\*(v) = u(0) + «/(0)(v — 6 — ¢).
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Subcase 2.3: Otherwise. For any € > 0, we define two sets
A2{(W, 0 >0 v cv—en]}, BE{W,0)0 >vv €v—-en]}.

In this case, there exists an € > 0 such that regions A and B are both empty. In other words,
for any value v’ € (v — €,v), there exists 8(v) € (v',v) such that (v, g(v')) € supp(G*). Next,
we define function h(v') = —p*(0(v')) for any o' € (v — €,v). For any vi,vs € (v — €,v) with
v1 < Vg, it follows that
h(vi) = pin (), h(v2) = pin (0" -

Thus we know that h(vy) > h(v1), which implies that the function h is weakly increasing over
(v —€,v). Next we are going to prove that the function h is also continuous over (v — €,v).

First, we show the function h is right-continuous over (v — €,v). For any w € (v, g(v")),
it holds that h(w) = h(v'). Since the prior has positive density everywhere, we know that the
function h is right-continuous over (v — €, v).

Then, we show the function A is left-continuous over (v — €,v). We prove it through con-
tradiction. We assume that the function h is not left-continuous everywhere over (v — €, v). For
any tuple (v/, g(v")) € supp(G*),we define sets

RE2{(W", 00" € (V,v),0" €[0,v)}, S&£2{@" 0 € (v—e),0" €@, v)}.

Under this case, the region R must be empty. Besides, for any value v” € (v—e¢,’), if (v",0") €
supp(G™), then it must hold that (v”,0"”) € S. Since h is increasing, we know that lim h(w) =

w—v'~
h. Since lim,,_,,— A\*(w) = A*(v'), we know that u(v') — ch = u(v') — ch(v'). Finally, we achieve
that h = h(v"), which forms a contradiction with the assumption. Till now, we have proved that
the function h is continuous over (v — €, v).
Next we aim to prove that h is flat over (v —e€,v). We assume that the image of the function
h includes some open interval (yi,y2), thus the image is uncountable. Then, we define a set

T(y) = {z[h(z) =y} .
It is obvious that T'(y) is non-empty, and we let z € T'(y). We know that 7'(y) includes (z, g(2)).
Therefore, we know that for any given y, its corresponding set T'(y) will consist of mutually
disjoint intervals (z,g(z)). If we arbitrarily select a rational number from each such interval,
then we would have obtained uncountably many rational numbers within the interval (v — €, v).
However, we know that the number of rational numbers within any interval is countable. This
leads to a contradiction.

To sum up, we have proved that, under this case, there exists an § > 0, such that —u*(8) =
u'(0) for any 0" € (6 — §,0]. Thus, we directly have that

A(v) = u'(0)q(v,0) + p(v,0) .
This completes the proof. a

Lemma 15 (Case 3.3 in Algorithm 1). Given G* and (\*, u*) are both optimal to the primal
and dual problems, if there exists (v, 0) such that v € [v,1], v # 0+4c, and v > v’ = inf supp(G.j9),

then we have
v, Q)Q(’Ul, 9) — p<vla G)Q(Uv 0) —+ A* ('U/>Q(U, 0)
q(v',0)
Proof of Lemma 15. Since (v,0) € supp(G), by Lemma 2, we know that \*(v) = —u*(0)q(v,0)+
p(v,0). Since the functions \*, p, and ¢ are all continuous (Lemma 7), it holds that \*(v') =
—u*(0)q(v',0) + p(v',6). By combining these two equations, we have
N () = p(v,0)q(v', 0) — p(v',0)q(v,0) + A*(v)q(v, 0)
q(v',0)
This completes the proof. a

N () = P
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Lemma 16 (Algorithm 3). Given G* and (\*,*) are both optimal to the primal and dual
problems, for any 6 € supp(Gy) and any two distinct vi,va # 6 + ¢ such that (v1,0), (ve,0) €
supp(G*), we have that

p(v1,0) — A*(v1) _ p(va,0) — A"(v2)
q(v1,0) q(va, 0)

Proof of Lemma 16. It holds directly by Lemma 2. a

() =

Lemma 17 (Algorithm 3). Given G* and (\*,*) are both optimal to the primal and dual
problems, for any 6 € [—c,1 — ¢|, it holds that

max WO =N sy < oin { o 2@ U)o w0 =N
ve(b+¢l] v—0—c ve[0,0) c velfo+c) v—0—c

Proof of Lemma 17. By Constraint (1) and Lemma 2, we directly have that

max M < p*(f) < min{ min M’ min M )
ve(f+¢l] v—0—c ve[0,0) c velfo+c) v—0—c
This completes the proof. a

With the above lemmas, finally, we can provide the whole proof of Theorem 1.

Proof of Theorem 1. This theorem directly holds by Lemmas 3 and 8 to 17. ad

B.6 Equilibrium Characterization for Convex Priors with Low Cost

Theorem 4. If all senders share the same prior F' that is (weakly) convex, with all values in its
support at least ¢, then each sender fully revealing his value is the unique symmetric equilibrium.

Proof of Theorem 4. When all senders adopt the full-revelation strategy, it is easy to check that
the corresponding strategy profile induced is a symmetric equilibrium. We now show that this
is the unique symmetric equilibrium.

Since we consider symmetric equilibria, we omit the subscripts for senders. For the sake
of contradiction, suppose G* is another symmetric equilibrium strategy that does not fully
reveal the value. Let K denote the distribution of the amortized value induced by the 2-D
distribution G*. By the MPC condition, we know that K shifted by c is a MPC of F, i.e.,

t t+c
K(z) dx < F(z)dez, Vte|—c,1—(].
—c 0

Besides, we have K(—c) = F(0) =0, K(1 —¢) = F(1) =1, and

1—c 1
K(z) dz :/0 F(x) dx .

—C

Let u(v) denote the contribution of value v € [¢, 1] to the sender’s expected utility. Then, we
can rewrite the expected utility of the sender as fcl u(v) f(v) dv. Under the fact that strategy G*
forms a symmetric equilibrium, function K must be continuous over [—¢, 1 — ¢|; otherwise, each
sender has a profitable deviation by spreading the index where the mass is. Under this fact, we
have the corresponding function ¢(x) = KV~!(z) for any x € [—c, 1 —c|. Each sender can always
choose to send no information, thereby obtaining an expected utility of fcl KN=Y(v—c¢)f(v) dv.
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Therefore, each sender is guaranteed to achieve at least an expected utility of fcl KN=1(y —
¢)f(v) dv, that is
1 1 1 v—c
/ w(v) f(v) dv > / ENL(0 — o) f(v) du :/ F)d ( KN-1(1) dt>

1

v—

= [f(v) CKN—l(t) dt]

—C

_ [f(v) / TN dt] 1

[

—C

_ / LT RNy ar d o)

—/1 UﬁCKNfl(t) dt df(v) .

—c
Since [ CKN7(t) dt < [V FN~Y(t) dt for any v € [¢, 1] and the density of the prior is non-

decreasing over [c, 1], we have
[ ey avz 16 [ P af | [ [ e atase

[

v=cC

YN 1
= - dF(v) = — .

| P w are) = 5
In any symmetric equilibrium of the N-senders game, each sender can obtain at most an expected
utility of !/N. Combining these two facts, we obtain that fcl u(v)f(v) dv = 1/N. Therefore, all
the inequalities above must hold with equality, where we have

t t+c
K(a:)da::/ F(z)dz, Vte|-c¢l—(].

—c 0

This fact is equivalent to the fact that the symmetric equilibrium strategy G* is indeed induced

by the full-revelation strategy, which forms a contradiction with the assumption. Thus, we have

proved that the symmetric equilibrium induced by the full-revelation strategy is the unique

symmetric equilibrium. ad

For an intuition that full revelation constitutes an equilibrium, observe that, for each sender,
the interim utility u(x) = FN~1(k+¢) is convex in this scenario; any pooling of values decreases
the expected utility by Jensen’s inequality. Intuitively, fully revealing the values is a best re-
sponse.

The uniqueness of this symmetric equilibrium is nontrivial. As a starting point, note that
the senders’ game is constant-sum for such a small ¢: since all values are at least ¢, the index
of each sender is always non-negative, regardless of the signaling; therefore, the buyer never
quits without selecting a seller. Thus, in any symmetric equilibrium, each sender must share a
common utility of 1/N. We show that if all senders except i use a common strategy which does
not always fully reveal the values, sender i can get a utility strictly higher than 1/v by fully
revealing v;. The uniqueness of the symmetric equilibrium follows.

Note that the market achieves maximal efficiency under this equilibrium: the receiver fully
learns the relevant information from the senders’ signaling and therefore always selects the best
box, attaining first-best revenue.

B.7 Proof of Theorem 2

Proof of Theorem 2. Denote the shifted prior by F(x) := F(x + ¢) for # € [—¢,1 — ¢| (with
density f ). By the MPC condition, we know that the amortized value distribution of any feasible
strategy forms an MPC of the function F over [—¢, 1 — ¢]. We divide this proof into three steps.
Here we provide the proof of the non-degenerate case where 0 =6y < 1 —c.
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Step 1: There uniquely exist §; € (—¢,0) and 62 € (0,1—¢| such that (91) (92)0;}%(91)

and K € MPC(F) over [—¢,1—¢]. For any 0; € (—c,0), we can construct the following linear
function:

9

F(61)
—0,

There exists an €; € (0,¢) such that for any 6; € (—c, —c + €), it holds that L, (8) < F(6)
for any 6 € [01,1 — c|. There exists an €3 € (0,¢) such that for any ¢, € (—e2,0), the function
Lg, has at least one intersection point with function F. Since F(6;) and F(6:)/ -6, are both
strictly increasing in 6; over (—c,0), we know that there uniquely exists a 0, € (—c,0) such
that Ly (0) < F(0) for any 6 € [0;,1 — ¢], and function Ly, and function F are tangent at some
points. Furthermore, there uniquely exists a 61 € (6;,0) such that Ly (1 —c) = F(1—c¢). Thus
for any 6; € (8;,0), function Lg, and function F have at least two intersection points within
the interval [f1,1 — ¢]. For any 6; € (8,,0), we define 6 = max{f € [0,1 — ¢]|Lg, () = F(0)}
and 03 = min{# € [0,1 — ¢]|Lg, (8) = F(#)}. Using the three new parameters, we can split the
integral difference from 6, to 65 into two parts:

Lo, (0) =

(9 91) , VOe [91,1 — C] .

92 ~ 92
/ F(0)d0— [ L, (6) do
91 91

- (/: F(6) d9—/0392 Lo, (6) de) - (/:3 Lo, (6) de—/f F(6) de) .

There exists an €3 € (0,0; — 6;) such that f:f F(6) df — 9912 Ly, (9) dfd < 0 holds for any
61 € (01,0, + €3). There exists an ¢4 € (0,61 — 6;) such that f92 (0) d6 — 96;2 Lo, (0) d0 > 0
holds for any 6, € (0,0, +¢4). Besides, the first part f:; F() do— f Lg1 ) df is decreasing at
6, over (6;,0), while the second part faef Ly, (0) d6 — faef F(6) df is 1ncreas1ng at 61 over (6,,0).

So we know that there uniquely exists a 6; € (6, 601) such that f9012 F(6 f Ly, (6) d0 = 0.
Finally, we prove that such a pair of parameters (01, 62) exists and is umque

Step 2: Given 6; and 0> determined in Step 1, there exists a 2-D distribution that
induces the hinge-shaped amortized value distribution. We prove this by a construction.
We divide this part of the proof into two cases, based on the shape of K, the amortized value
distribution.

Case 1: K(0]) < 1. In this case, f3 = 0] <1 —c. Values in the [0,6; + ] and [02 — ¢, 1] are
fully revealed, so that K and F' coincide on these intervals. We are to pool values in [01 +¢, 02+ ¢]
to produce amortized values uniformly distributed over [0, 63]. Next, we show how to make such
poolings.

Based on the structure of the function K, the slope over [0, 62] is denoted by p = %f(gl).

Since K € MPC(F), it holds that f(0) < p and f(f2) > p. Besides, the density f is increasing
over [0,605]. So there exists a row 8* € (0,60,) such that f(6*) = K(6*) = p. We need to ensure
the index equation is preserved while pooling the values from [0; + ¢, 62 + ¢ into indices [0, #2],
with the density of each row equal to p. We divide the density of each value v € [0* + ¢, 02 + ]
into two parts: we keep a portion of size p unpooled to individually form an index v — ¢,
while the remaining density will be pooled together with lower values. In details, first we let
supp(G.g) = {0 + c} and g(0 + c,0) = p for any 6 € (0%,02). Then, we show how to pool
the values from [0 + ¢, 0" + ¢] and [6* + ¢, 03 + ¢| together to form indices over [0,6*]. We
define functions « : [0,6*] — [0,1] and S : [0,6*] — [0, 1]. We assume that the support of the
conditional distribution Gy is {«(6), 3(0)} for each 6 € [0,0*]. We give the initial values of these
two functions as «(0) = 61 +c¢ and 3(0) = 02+ c. Given the initial conditions for the functions «
and [, we now only need to compute their derivatives to fully characterize these two functions.
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We consider the following two cases to show how to specifically compute the derivatives of these
two functions.
case-1.1: a(f) > 6. In this case, we have these two equations:

H0)  JBEO)—p _ (0 gyl fB©)—p _
’ o/ (0)p

o’(0) -p'(0) —p3'(0)p
The first equation means that the sum of densities at points («(6),0) and (5(6),0) is equal to
p. The second equation is exactly the index equation of row 6. Both equations are ordinary
differential equations. By combining these two equations, we achieve that:

(8(0) — a(0)) f((8)) (6(0) — () (p — f(B(9)))
p(BO) —c—0) p(0 +c—a(8)) '

case-1.2: a(f) < 6. In this case, we have these two equations:

0)) — 0)) — a(f 0)) —

OO0, (-2 2 (£lo0) , 160)<p)
—p'(0) —p'(0) a’(0) —p'(0)

The first equation means that the sum of densities at points («(#),6) and (5(0),0) is equal to p.

The second equation is exactly the index equation of row 6. By combining these two equations,

we achieve that:

+(8(0) - 0)

o'(0) = 5(6) =

fla(0)) +

In both subcases, for each 6 € [0,60%], since the value «(f) and the value 3(#) are pooled
together to form the index 6, we have a(0) < 6+4c < 5(0). Since the prior density f is increasing,
we achieve that o/(0) > 0 if a(f) < 6* + ¢, and p'(0) < 0 if () > 6* + c. In addition to the
initial values of both functions, there always exists some 6’ € [0,6*] such that the function
« increases over the interval [0,6'], while the function § decreases over the same interval. We
define the maximal such ¢ as 6, i.e., § £ sup{f € [0,0*] | o/(8) > 0 & F'(A) < 0}. We next show
§ = 0* via contradiction. We assume that § < 6*, then it must hold that 5(6) = 6* + ¢ and
() = 0 + c. Since the function K constructed in Step-1 forms an MPC of the function F over
[01, 62], we have

Fla+c)—FO1+c)=p-0s.

Besides, based on the construction above, we have
p-(02—0"+0)=Fy+¢c)—FO +c)+F@+c)—F6, +c) .
Combining these two equations, we achieve that
p-(0*—0)=F(O" +¢)—F@+c),

which forms a contradiction since F(8* +¢) — F(f +c¢) < p-(8* —8). Thus, we have proved that
6 = 6*. Under this fact, we complete the proof by showing that a(f0*) = B(0*) = 0* + c. We also
prove it through contradiction. Suppose a(6*) = a < 0* + ¢ < b = (0*). Since the constructed
function K forms an MPC of the function F over [f1,65], it holds that

F(92+C)—F(91+C):p'92 .
Besides, based on the construction above, we have

p-ba=F(02+c)— F(b)+ F(a) — F(1+¢) .
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These two equations form a contradiction, which makes the assumption invalid. Till now, we
have proved that the method we provided above indeed can construct such 2-D distribution
that induces the amortized value distribution defined in Theorem 2.

Case 2: There exists ¢ > 0 such that the amortized value distribution K is
constant over (1 —c¢ — ¢,1 — ¢). The construction and proof follow a similar (and much
simpler) approach to Case 1, so we omit them here.

Step 3: Equilibrium verification. Based on the techniques in Section 3, we can verify that
the strategy constructed above indeed constitutes a best response to the interim utility function
u. Using the Algorithms 1 and 3, we can construct such A and p:

Aw) = K(v—c¢) ifvel0,0+c)Ulc1],
p(v—c)+ F(01 + ¢) ifvelth+cco),

and

pu(f) =

N6+ c) if0€[0,0;+c)U(01+c,02+c)U(02+c,1],
P if96{91+c,02+c}.

Based on the formulas of A and u, we directly have that for any (v, ) € supp(G):

A(v) —u(0)
1 ,,,,,,,,,,,,,,,,,,

| |
| |
| |
| |
p-(O2—01)|--------------~ ! | !
L | |
| I P I
- |
| | | : |
| I | \ I
= 1 -
: | v ,l\ 1 | 0
0 01+ c O02+c 1 —c 0, 0 0, 1

Fig. 6. The dual variables constructed by the Recursive Reduction Procedure, based on the symmetric equilibrium
constructed in Theorem 2

A(v) = p(v,0) — u(0)q(v,0) ,

which implies that G and (A, u) satisfy the Complementary Slackness conditions in Lemma 2.
Besides, it also can be verified that such A and p are feasible to the corresponding dual problem,
that is:
)‘(U) = max p(U,H) - “(Q)Q(Uve) ) Vo € [07 1] )
0€[—c,1—¢]

which makes (A, p) feasible to the corresponding dual problem. Combining these two results and
by Theorem 1, we know that such G indeed constitutes a best response to the interim utility
function wu. ad

C Proofs in Section 4

Proof of Theorem 3. We proceed with the proof in the following three steps.
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Step 1: Discretizing the original prior F. Fix a value-grid size § € (0,1). Let M = [1/§]
be the number of intervals and partition [0, 1] into intervals

;o)A ifrelM 1],
O [M2] ifr=M.

For each interval I,, let ¥, be its midpoint ¥, = 2L for each r € [M]. Then, we move all

probability mass of the original prior F inside each interval I, to the representative value 7,.:

M
F(séZF(IT)éﬁT 5
r=1

where d5. denotes the Dirac measure at v,.
Under the discretized prior Fj, we obtain the following auxiliary best-response problem:

G U(Gs) = Eqg)~ay [w (min{v, 0})] . (PEr)

Since the feasible space G(Fy, ¢) is convex and weakly compact, and u(k) is continuous, problem
(P3g) still admits an optimal solution. Let G% be an optimal solution to the problem (Pg),
and denote its optimal value by OPTs £ U(G?). Notice that (Pgr) and (P3g) are not nested
optimization problems. Indeed, their feasible sets are G(F, ¢) and G(Fj, ¢), respectively, and nei-
ther feasible set contains the other. Therefore, there is no direct monotonicity relation between
OPT and OPTy. Instead, we prove a stability bound in two steps:

|OPT; — OPT| < L5 .

Step 1.1: From the original prior to the discretized prior. Starting from the optimal
solution G* € G(F,c) of the original problem (Pggr), we construct a feasible solution G5 €
G(Fs,c) for the discretized-prior problem (P3g), and prove that the construction loss is at most
Lj. For Gij-almost every row 6, we construct a discretized posterior by moving all mass in each
value interval I, to its midpoint ¥,. Specifically, write m,.() £ Gro(Iy) for all r € [M]. Then
we define the discretized posterior on the value grid by

M
Gop 2> my(0) - 65, .
r=1
Let 65(6) be the index of this discretized posterior, i.e., the unique solution to

1 ~
/0 (v—105(8))+ —c) dGyp(v) =0 .

Thus, each original row 6 is transformed as follows: value mass in every interval I, is moved
horizontally to v, and the whole row with newly moved masses at each midpoint is then moved
vertically from 6 to the recomputed index 65(0). Formally, define G by

GaxB) 2 [ 10500) € BB a0

for all measurable A C [0,1] and B C [—¢,1 — ¢].

9 The specific representative point inside each interval is immaterial for the approximation argument; we use
the midpoint only for convenience.
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We first show that the vertical and horizontal movements are both small for every probability
mass. To see this, for every v € I, we have |v — v,,| < §. Hence, for every row 6,

@ —(0+8)  <(w—04, @ —(0-0)>w-0y, Yoel .

Integrating over all intervals with respect to GZI g gives

1 1
[ E= @+ dGp@<e. [@-0-0)s Gl > ¢
By monotonicity of the index equation in the index variable,
|05(0) — 0] <6 for Gp-almost every 6 .

It remains to compare payoffs. Recall that, for each original row 6, all mass in interval I,
is moved to the representative value v, and the row index is recomputed as 5(0). For every
v € I, we have |[v — 7| <, and from the index-stability argument above, |6 — 05(0)| < § for
Gp-almost every 6. Therefore, for every v € I, and Gy-almost every 6,

|min{v,, 0s5(0)} — min{v,0}| <4 .
Since the interim utility u(k) is L-Lipschitz continuous, this implies
u (min{v,, 05(0)}) > u (min{v,0}) —

Applying the pointwise payoff bound on each interval I., we obtain

l—c M
U(Gy) = / > min{o, (0))) G 1) 4630
1loc M
/ (min{v, 0}) — Ld] dGe(v) dGy(0)
- r=1

=U(G*)— L5 =0PT —-1LJ .
Since G is optimal for (P3g), we conclude that

OPT;s > U(Gj) > OPT — L5 .

Step 1.2: From the discretized prior back to the original prior. Conversely, starting
from the optimal solution G € G(Fj,c) of the discretized-prior problem (PgR), we construct a
feasible solution G € G(F,c) for the original problem (PgR).

For G} p-almost every row 6, write m,(6) = G;vw({@}}) for all Vr € [M]. We lift the
discretized posterior by spreading the mass at each midpoint ¥, back to the interval I,. according
to the conditional distribution of F' on I,.. Specifically, define a posterior distribution év‘g on

[0, 1] by
M

F(ANI,
v|9 Z ﬂ))

for every measurable set A C [0, 1]. It holds F'(I,) > 0 for each I,. Equivalently, each probability
mass m,.() originally concentrated at v, is redistributed over I, in the same proportion as the
prior F. Let 05(0) be the index of this lifted posterior, i.e., the unique solution to

/01 (0= 8s(0))+ — ) Ap(v) =0
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Thus, each row 6 of G5 is transformed as follows: mass at each midpoint v, is spread back to

I, and the whole row is then moved vertically from 6 to the recomputed index 05 (0). Formally,

define
1—c

GAxB) 2 [ 1{04(6) € B)Gyo(4) G300

C

for all measurable A C [0, 1] and B C [—¢, 1 — ¢]. It can be easily verified that G € G(F,¢).

We next show that the vertical and horizontal movements are both small. For every v € I,., we
have |v—7v;| < 4. Since Gj is feasible, for G} ;-almost every row 6, Z — i me(0) (0 —0)4 —¢) =
0. For every v € I, we have

(v=(0+0)+ <@ =0)1, (v=(0-09))+ 2> —0)+

Integrating with respect to the lifted posterior év‘g gives

[@-@ro. d@pr<e. [0 o) =0
By monotonicity of the index equation in the index variable,
05(0) — 0] <5 for G p-almost every 6 .
It remains to compare payoffs. For every v € I, and G;e—almos‘G every 0, we have
’min{v, 05(0)} — min{o,,0}| <5 .
Since the interim utility function u(k) is L-Lipschitz continuous, we can bound the utility loss
u (min{v, 55(0)}) > u (min{v,,0}) —
Applying this pointwise payoff bound on each interval I, we obtain

v - [ Hfmr(e) / w (mingo. 5(0)}) i7" dG3(0)

=1

/ Z e (6) [u (min{5,,0}) — Ld] dG,(0)
=U( G;) Lo =0PTs— Lo .
Since G* is optimal for the original problem, we conclude that
OPT >U(G) > OPTs — L¢ .
Combining the two inequalities from steps 1.1 and 1.2 yields

|OPT; — OPT| < L5 .

Step 2: Discretizing the index support. Consider the discrete prior Fy constructed in
Step 1. Fix an index-discretization parameter e € (0,1). Recall that the discretized prior con-
structed in the previous step is F5 = ZZ L f? 05 and f0 & F(I;). For each grid value v; and
each index 6 € [—c,1 — ¢], define these two functions for convenience ¢;(0) = (v; — 0)4 — c
and p;(#) £ u(min{7;,0}). Let O5 £ [01 — ¢,var — ¢| be the effective index domain under the
discretized prior.
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Step 2.1: Constructing the index grid. We first discretize the vertical axis of the
interim utility function u(k) at granularity e. Let £, = ke for k = 0,1,...,[1/€]. For every level
0 < u(Vpr — c), define the generalized inverse & = inf{f € Os : u(f) > ¢;}. Since the interim
utility u(k) is continuous and nondecreasing, we have u(&) > ¢ for each k.

Then, the full index grid is constructed as

T2, —c:ic  MYU{D;:i€[M]}NOs)U{& :k=0,1,...,[1/€]} .
After sorting and removing duplicates, write
I'={6y,...,0r}, l—c=0<---<Op=vy—c.

The grid size satisfies |[I'| & R < 2M + [1/€] + 3, which is finite.

We illustrate why constructing such an index grid. The points v; are added so that the map
0 — min{v;, 0} has no kink inside any grid interval. The points v; — ¢ are added so that the
coefficient ¢;(0) = (v; — 0)+ — ¢ does not change sign inside any open interval between two
consecutive grid points. The points & ensure the one-sided payoff approximation used in the
rounding step. Specifically, if & < 3 are two consecutive points in I", then for every 6 € [a, ),

u(f) <wula)+e.

To see this, if u(f) > u(a) + € for some 0 € [a, ), then there is a level ¢; such that u(a) <
U, < u(f). By definition of &, we have { < 0 < (. If { < «, then monotonicity implies
u(a) > u(&x) > lg, a contradiction. Hence & € (a, 3), contradicting the fact that o and 3 are
consecutive grid points.

Step 2.2: Defining the finite LP. We now restrict the index support to the finite grid
I'. Let ¢ = (fﬁir)ie[ M),re[R) be the decision variable, where x; > 0 denotes the probability mass
assigned to value v; and index 6,.. The discretized problem is the following finite-dimensional
LP:

M R
max ZZu(min{@,Qr})iEir

x>0 -
i=1 r=1

R
st S ww =17 vi e [M], (Pag)
r=1

M
> (@ =6, —)aip =0, WreR].

=1
The LP is feasible since the full-revelation strategy belongs to its feasible region: for each
value v;, assign mass ff to the index v; — ¢. Let G(’; . be an optimal solution to (Pg’é), and let
OPT;, = U(Gj ) be its optimal value. Every feasible solution of (Pg’é) is feasible for (P3g),
because it is simply a feasible joint distribution under Fjs with finite index support. Therefore,

OPTs. < OPT5 .

Step 2.3: Rounding an optimal solution to the index grid. Let G} € G(Fjs,c) be an
optimal solution to the problem (PgR) under discrete prior Fj. In this step, we round all mass
of G5 on non-grid index rows to the finite grid I", while preserving feasibility.

For each grid value v;, let ;" be the finite Borel measure on ©5 induced by Gj:

% (A) = G5({oi} x 4),  VAEB(©;) .

It suffices to describe the rounding operation on one open interval between two consecutive grid
points. Fix a < 8 in I" with no grid point between them, and let J £ («, ). We will move all
mass with indices in J to the two endpoint rows « and 5.
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Let M; = Zf\il v |s be the total index-mass measure on J. If M;(J) = 0, there is nothing
to move. Otherwise, for each i € [M], define the row composition at 0

zi(0) £ il

0) .
ar,
For M j-almost every 6 € J, the vector z() = (z1(0), .

..,z (0)) satisfies
M M
dad)=1, D a®)z(0)=0.
i=1 i=1

The key observation is that each such feasible row can be split into two feasible endpoint
rows at a and 3. Since I contains all kink points 7; and all zero-crossing points v; — ¢, every g¢;
is affine on [a, #] and has a fixed sign on J. Define

P £ {ie[M]:q0) >0},

N = {j € [M]:q;(0) <0} .

Then these two sets, P and N, form a partition [M], and row feasibility (the index equation in
Definition 1) implies that the positive and negative contributions balance:

A0) £ " qi(0)z:(0) = D> (—4;(0))2(0) >0 .
ieP

JEN
For each pair (i,7) € P x N, define

A(0)
Also define the two-value balanced package r/(0) € RY by

if k=i,
ifhk=j,

otherwise .
can be decomposed as

This package is feasible at row 6, because ), qk(H)rfﬁj (#) = 0. Moreover, the row vector z(6)

20)= > ay(0)r(0) .

i€P, jEN
To see this, the i-th coordinate for i € P equals

> as )-0,(6) = 5] 3 (-0s0)(6) = (6)
JEN

JEN
and the verification for j € N is identical.

We now move each balanced package to the endpoints. Write

b= w)at (1-w®)s, w20,
68—«
Since each g; is affine on [, (], we have

Therefore, define

r(0) = w(0)r(a) + (1 - w(0))r (8)
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Then z(0) = 2%(0) + 2°(#). Moreover, 2%(6) is feasible at row «, and z”(6) is feasible at row 3,
because each package %/ (a) and 7/ (3) is feasible at the corresponding endpoint row.

We now apply this local splitting operation to every open interval between consecutive grid
points. Let J, = (0,,0,41) for r € [R — 1]. For each J,, let M, be the total index-mass measure
on J,, and let 2"% and 2™ be the endpoint split vectors sent to 6, and 6,1, respectively. Define
the rounded measures 7; by

mr+2(/r ) dM,( )59 +Z</T dM(H))dng.

Finally, define the rounded joint distribution 65,6 by
Gs ({0} x A) 25,(A),  VAe€B(©;).

By construction, 6’576 is supported on the grid points {v1,..., v} X I'.
We verify feasibility. First, the value marginal is preserved. For every i € [M],

R-1
7i(@s) = (T) + ) / (zf’L(H) +zZ’R(9)> dM,(0)
o
=50+ Y [ w0) Ay 0) =2 05) =
r=1 T

Second, the row constraints are preserved. Since @576 is supported only on I, it suffices to
check the constraint at each grid row 6,. The mass originally placed on 8, is feasible because
G is feasible. Every piece of mass moved into 6, from a neighboring interval is feasible at 0,
by the endpoint-splitting construction. Hence, writing Z;. = 7;({6,}), we have

M
Y (@i~ 0)s — )@ =0, VrelR].
=1

Therefore, @5’6 is feasible for the finite LP (Pg’é).

Step 2.4: Bounding the rounding loss. We now bound the payoff loss caused by the
rounding operation for every probability mass. Fix a grid interval (o, 8) and a nonempty row
0 € (a, f) with row vector z(#). This row is replaced by a value vector z*(#) at row « and a
value vector z%(6) at row (. By construction of the grid, for value 7;,

pi(a) > pi(0) — e, pi(B) > pi(0) .

Indeed, the payoff grid ensures that moving to the left endpoint loses at most €. Therefore, the
payoff after rounding this row is at least

z@ 45)2 20> S 00 -9 +Zm

=1
M

=3 0i0) (000) +200)) — €Y 20(0)
i=1 i=1
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Thus the loss on this row is at most e Zi\il zi(6). Summing over all rows and all grid intervals,
and using that the total probability mass is one, the aggregate payoff loss is at most € = e.
Hence

OPT;. > U(Gse) > U(Gs) —e=OPTs —¢.

Combining this with OPTs5. < OPTjs, we conclude

OPTs — € < OPT;. < OPTy .

Step 3: Lifting the finite-LP solution back to the original prior. We now construct a fea-
sible solution under the original prior I from the finite-LP solution G . Let * = (z7,.)ic|am),re[R]

be the optimal solution to the finite LP (Pg’é), so that G _ assigns mass 27, to the value-index
pair (;,6,) for each i € [M] and r € [R].

For each grid row 6,., write Y, £ Ef\i 1 75 If Y3 = 0, this row carries no mass and can be
ignored. If Y, > 0, we lift the posterior on row 6, by spreading the mass at each midpoint v;
back to the interval I; according to the conditional distribution of F' on I;. Specifically, define

a posterior distribution évl?’ by, for every measurable set A C [0, 1],

M

~ .CL‘Z} F(Aﬂ]l)
Gyr(A) & Z Y, F@)
i1

Since F is strictly increasing, F(I;) > 0 for every i € [M]. Let 6, be the index of this lifted
posterior, i.e., the unique solution to the index equation

/01 (w82 —c) () =0.

Thus, each grid row 6, is transformed as follows: every mass zj, originally placed at the value
midpoint v; is spread back over I;, and the entire row is moved vertically from the original index
0, to the newly recomputed index 0 Formally, define G by

GAxB) 2 Y 144, eB}Z ok, A“_”

r:Yr>0 ( Z)

for all measurable A C [~0, 1] and B C [—¢,1 — ¢].
We first verify that G € G(F, c¢). For the value marginal, for every measurable set A C [0, 1],

'R M
G(A X [—e,1— o)) szw““” Z;Fgf(z)fl)g;x;—zgmm,-)—mm.

r=1i=1

Hence the value marginal of G is F. The row-wise index constraint also holds by construction.
Indeed, for any bounded measurable function ¢ : [—¢,1 — ¢| = R,

~ _ 1 N B
/[O,I]X[—c,l—c] CP(G) ((U B €)+ n C) dG(U’ 6) = Z Sp(er)Y;"/O ((U — Qr)+ — C) de\r(U) =0.

r:Y,.>0

Therefore, the constructed strategy G is feasible for the original problem (PgR).
We next show that the vertical and horizontal movements are both small. For every v € I;,
we have |[v — v;| < 4. Since G _ is feasible for the finite LP, for every grid row 6, with Y;. > 0,

S

=1

+—C

ok
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For every v € I;, we have
(v=(0r+0)s < (Wi —br)y, (0= (0, —0))s = (0 —Or)+

Integrating with respect to the lifted posterior CN;'U‘T gives

1 1
[t 40 aGpw<e. [ 6 -0 b0 =
By monotonicity of the index equation in the index variable,
0, —6,| <& for every r with Y, >0 .
It remains to compare payoffs. For every v € I; and every row r with Y, > 0,
‘min{v, 0,} — min{0;,6,}| <6 .
Since the interim utility function u(x) is L-Lipschitz continuous,
u (min{v, @;}) > u (min{v;, 0, }) —
Using the definition of é, we obtain the following utility bound

Z Zx”/ (min{v,gr}) ;1712‘](3)

r:Y,>0 i=1

> Z . [u (min{®;, 6,}) — L] = U(G},) — L = OPTs. — L3 .

r:Y, >0 i=1

Combining this inequality with the bounds from Steps 1 and 2 gives
U(G) > OPT —e—2L3§ .

Thus, the finite-LP solution Gae can be lifted back to the original continuous-prior problem
(Pgr) with only an additional loss of Lé.

To obtain a final additive error of at most € > 0, choose the index-discretization parameter
and the value-grid size so that ¢ = €/2 and ¢ < €/4L. With these choices, we have € +2LJ < ¢,
and hence the constructed strategy G in above steps satisfies U(G) > OPT — e.

The number of value grid points is M = O(1/4), and the number of index grid points satisfies
R < 2M +[1/e|+3. Therefore, the finite LP has M R variables and M + R equality constraints,
both polynomial in L and 1/é. Assuming that the interval masses F(I;) can be computed in
polynomial time, the whole procedure runs in polynomial time.

Therefore, for every target accuracy € > 0, the procedure outputs in polynomial time a
feasible solution G € G(F, ¢) such that U(G) > OPT—é. This proves that the sender’s persuasion
problem admits a fully polynomial additive approximation scheme. ad

D Equilibrium Existence of the Competitive Information Design Game

In this section, we establish the existence of an equilibrium in the game among the senders,
under some mild assumptions.

Theorem 5 (Equilibrium Existence). There exists an equilibrium in the game among the
senders if each sender i’s prior distribution F; is atomless over [0, 1].
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We proceed with the proof in the following three steps. Briefly speaking, in Step 1, we
construct a finite game called m-discrete approximation game for each granularity m € Z*, and
directly apply Nash’s Theorem to show the existence of a discrete equilibrium. In Step 2, we
show that the sequence of discrete equilibria has a subsequence that weakly converges to some
distribution profile, where any of the distributions forms a feasible action for each sender. In
Step 3, we prove that the limit profile indeed constitutes an equilibrium of the original game
through establishing the convergence of utilities along with the convergence of equilibrium
strategies. For ease of presentation, we assume all senders share a common inspection cost c,
thatiscp =---=cy =c.

Step 1: Constructing m-discrete approximation games. By Lemma 4, each sender ¢’s
strategy space G(Fj, c¢) is a compact and convex set containing all feasible 2-D distributions. By
Krein-Milman Theorem, any convex and compact set is the closed convex hull of its extreme
points; moreover, each element within the set can be represented as a convex combination of
its extreme points. Thus, each sender’s strategy space can be precisely characterized by its
extreme points. Recall from Definition 4 that the space G(Fj, ¢) is subject to an infinite number
of constraints; the convex space G(Fj;, ¢) may therefore have an infinite number of extreme points.
Therefore, even if one takes the set of these extreme points as the action set, Nash’s theorem
does not apply. To address this problem, we construct finite games that not only discretize the
support of the value and the index, but also modify constraints in Definition 4. Each finite game
is parameterized by an integer m € ZT.

Definition 6 (m-Discrete Approximation Game). Fiz anym € Z*, let V™ £ {0, ok, -+, 1}
and O™ & {—¢, 2% —¢,...,1—c} be the discretized support for the value and the index, respec-

tively. The m-~discrete approximation game is as follows:

— Strategy space: For each sender i, the strategy space S is a subset of distributions on

V" xO™. Eachp € 8", with p; ; denoting the probability on the point (5w, 55 —c), satisfies

2m . . 2m

i .
§ Pi,j‘[W—Wn%—ch:c-g pij . Vie{0}U2"]; (21)
=0 i=0

jiopi,j =F <2fn> —F ([gml]) , Vie {0}ul[27]. (22)

— Action space: FEach sender i’s action space, denoted by Aj", is defined as the set of all
extreme points of S".

— Utility: Given a strategy profile (GY, ..., G}) where each G € AT, the receiver receives
(v, ™) ~ G™ for each i, and chooses a sender whose amortized value kI £ min(v™, O")
is non-negative and the largest. If all amortized values are negative, the receiver chooses no
one. If there is a tie among multiple senders, break the tie uniformly at random.'® A sender

gets utility 1 if chosen by the receiver, and 0 otherwise.

Lemma 18. For any m € Z*, each sender i’s strategy space S is non-empty, convex, and
compact. Each sender i’s action space Aj" is finite.

Proof of Lemma 18. First, we prove that the space S!™ is non-empty. For any m € Z* and
each sender 7, the full-revelation strategy belongs to the space S/", which makes the space S/
non-empty.

Second, we prove the space S is convex. For any m € ZT, consider any pair of feasi-
ble strategies G™, H™ € S" (with probability mass g; ; and h;; on the point (QLm, QLm —0c)

10 Here we adopt the uniformly random tie-breaking rule for convenience of presentation. As we remarked above,
the proof goes through for a host of other tie-breaking rules.
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respectively) and any A € [0,1], we construct the convex combination 7™ where each mass
tij =A-gi; + (1 —X)-h;;. It is obvious that for each j € {0} U [2],

Zt” Inax{2m—2m+c 0}
=\ Zgw max{2m—2‘zn+c 0} Zh” max{—ézn—kc 0}
2m
e Y =N Yoy = e Yty
1=0 i=0 i=0

and for each ¢ € {0} U[2™],

2m 2m 2m . .
Z ( 1—1
1= 7= Jj=

So we know that the convex combination 7™ also belongs to the space S;", which makes the
space S;" convex.

Third, we prove that the space S is compact. Since the space S;" is indeed a measure
space over V™ x @™, the space S is bounded. For any m € Z* and any sender 4, we assume
that sequence {G*},cz+ converges to some discrete distribution G' where each G¥ € ™. So the
sequence {pz ]}kew converges to p; ; where pl '; denotes the probability measure of strategy G*

on the point (5%, L —¢) for any 4,7 € {0} U[2™], and p; ; denotes the probability measure of
7m) 3 J

strategy G on the same point. This implies that there exists K > 0 such that for any &k > K and
any € > 0, we have |p§j — pij| < efor any i,j € {0} U [2’”] If we assume that there exist some

m and j € {0} U [2™] such that Zl oDij - maX{Z—m - 2m +c, 0} =d- Z?:opi,j #+c- Z?;nopi,j-
There exists K1 > 0 such that for any & > K1, we have

max{2m—+c O} Zp” max{zm —2]m+c,0}

There exists K5 > 0 such that for any k > Ko, we have

2m 2m 2m 2m
C'Zpﬁj—C'Zpi,j <% d‘ZPi,j—C'Zpi,j
i=0 i=0 i=0 i=0

1 2m 2m
<g|dd_pij—e) i
=0 =0

Thus, we know for any k > max{K;, K;}, we have

2771

2m
5|4 L P = )b
i=0

)

J
Jm%w+w}c§ym

which forms a contradiction with the fact that Gk e S". Furthermore, if we assume that there
exist some m and j € {0} U[2™] such that Z] oPij #F(5%)—F (max {0,5+1}), then we can
achieve a contradiction in the same manner. So we have proved that the space S;* is closed.
Then we can directly make space S;" compact through the Heine-Borel Theorem.

Last, we prove that space A" is finite. By Definition 6, set S is formed by O(2™) linear
constraints, which implies that there are a finite number of extreme points of set ;. Thus, the
action space A" is finite. O
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Step 2: Showing the limit of equilibrium strategies is feasible. By Lemma 18, each
m-~discrete approximation game is finite, there being a finite number of senders, and each sender
i having a finite action space. Thus, Nash’s Theorem applies, and there is an equilibrium
(~71”, ,é]”\}), where for each sender 1, C:’;” € S§™ is a mixed equilibrium strategy. For each
sender 7, these equilibrium strategies form a sequence of 2-D distributions: {C?g”}mew. We
want to establish the convergence of this sequence, so we first need to introduce the following
Helly’s Selection Theorem.

Lemma 19 (Helly’s Selection Theorem). Let {G™},,cz+ be a sequence of CDFs which
is tight,'* then there exists a subsequence {m(k)}pez+ C Z% such that {G™®)},cpv weakly
converges to a certain CDF G .2

By Helly’s Selection Theorem, there is a subsequence that weakly converges to a 2-D distribu-
tion; we further show that this limit is a feasible for each sender .

Lemma 20. There exists a subsequence {m(k)}rez+ C Z* such that the sequence {(ézm(k))}keZJr
weakly converges to a certain 2-D distribution G;. Furthermore, G; is a feasible strategy for
sender 1 in the original game.

Proof of Lemma 20. For any m € Z7, space S is a measure space over [0,1] X [—¢,1 — ],
which makes space S tight. By Lemma 19, for each sender ¢ € [IV], there exists a subsequence
{m;(k)}rez+ C Z* such that {é;m(k)}keZJr weakly converges to a certain 2-d CDF G;. This
means that, for any continuous point (4, 6) of distribution G;, the sequence {C;’;m(k) (0,0)} ez
converges to G (0, é) Next, it can be shown that, there exists a common subsequence {m(k)}ez+
such that for each sender 7, the sequence {G:n(k)} rez+ weakly converges to a certain CDF Gi.
To see this, we first find a subsequence {mj(k)},cz+ of ZT such that {ngl(k)}kez-&- weakly con-
verges to G1. We then find a subsequence {ma(k)}rez+ of {mi(k)}rez+ such that {é;nz(k)}kez+
weakly converges to Go. It is known that if a sequence converges, any subsequence of it also
converges to the same limit. Hence, {C?TQ(k)}keW also weakly converges to G1. In the same
manner, we obtain a common subsequence {m(k)},cz+ of ZT such that for each sender i, the
sequence {(N}T(k)}kew weakly converges to a certain CDF Gj. .

Then, we are going to show that the limit 2-d distribution Gj is a feasible strategy of sender
i in the original game. For convenience, for each sender i, we let {G*}.cz+ denote the sequence
of discrete equilibrium strategies, and let G denote the limit. We divide this proof into two
steps.

First, we prove that EvNé‘w[max{v — 6,0} = c for any 0 € [—¢,1 — ¢]. Let’s consider any

index 0 € (—¢, 1—c) since the cases of index —c and index 1—c are trivial. For any 6 € su pp(Gy),
we assume that .
/ lc — max{v — 0,0} §(v,0) dv=d >0 .
v=0
By the weak convergence of sequence {G¥(9,0)} e+ to distribution G, there exists K; > 0
such that when k£ > K7, we have

d
< =

1 1
/ |c — max{v —0,0}| g(v,0) dv—/ lc — max{v — 6,0}| §*(v,0) dv 5
v=0 v=0

This implies that for any k& > K, we have

1
/ lc — max{v — 6,0}| §*(v,0) dv € ((;7320!) ,

=0

1 Take the one-dimensional case as an example, a sequence of functions {G™},, .5+ is tight, if and only if Ve > 0
there exists an interval [a,b] such that for each m € Z* we have G™(b) — G™(a) > 1 —e.
12 Take the one-dimensional case as an example, sequence {G™},ez+ weakly converges to CDF G if and only if
liin G™(z) = G(z) for each point x at which G is continuous.
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which forms a contradiction with the fact fvlzo lc — max{v — 6,0}| §*(v,0) dv = 0, and makes
this assumption invalid.

Second, we prove that felz_fc dG(v,0) = f(v) for any v € [0,1]. Let’s consider any value
v € (0,1], since the case of value 0 is trivial. For any & = o - 277 for some B € Z* and some
a € [2/3] then for any k > f3, there exists ¢ € {0} U [2*] such that & = & and G¥(&,1 —¢) —

Gr(t=L Sil—c)= F(;k) F(&L % 1), Dividing both sides of the equation by 27k we get

GH(gr,1-) = GM"'F,1-¢)  Flgx) - F(F)

2k 9k s B 3
When k& — oo, we know that f(}:_fc dG(0,0) = f(9). For any © # o -275 for any g € Z7T
and any a € [27], then for any k € Z* there exist t € [2] such that & € (4, %) and
Gk(Q’“ 1—c) = G¥i,1-c) = F(Qik) - F(tg;kl) Dividing both sides of the equation by 2%,
Ghgr 1= —G"o1—0) _ Flgr) = F(F)

o—k - o—k
When k — oo, we know that [1-¢ dG(0,0) = f(d).

Combining these two steps, we have proved that each sender i’s strategy in the limit, G, is
indeed a feasible strategy for the original game. O

Step 3: Proving the limit strategy profile (G, ..., Gy) is an equilibrium in the original
game. To this end, we need to show that each sender’s utility converges in the subsequence
along with the convergence of discrete equilibrium strategies. An obstacle to this is that the
senders’ utilities may be discontinuous in their strategies if there are ties in (@1, G ~N) with
strictly positive probability. To rule out this case, we first prove that, in the subsequence of
approximation games, the probability of ties in any neighborhood diminishes. We only need
to show this for amortized values that actually affect the senders’ utilities (above the smallest
winning amortized value defined below).

Definition 7 (Smallest Winning Amortized Value). For any profile of amortized value
distributions (K1, ..., Ky), the smallest winning amortized value is £ £ max;c[y] inf supp(K;).

Each sender has zero utility for realizing an amortized value below the smallest winning
amortized value k. If sender i’s strategy has a mass in K; below &, it does not cause discontinuity
in anyone’s utility. Therefore we need only to focus on the part of the distribution at or above
k. For the limit strategy profile (C~¥1, ., G ~), denote each sender ¢’s distribution of amortized
value as K;, and the smallest winning amortized value as k.

Lemma 21. There exist no amortized value & € [k,1 — c| and two distinct senders i,j € [N]
such that K;, K; both assign positive probabilities at k.

Proof of Lemma 21. By the assumption of the prior, there exists no tie at index 1 — ¢ in any
feasible strategy profile. We assume that there exists an index 0 e [0,1 — ¢) such that sender
1 and 2’s strategies, Gl,Gg, Slmultaneously assign a positive mass at index 6. Let o1(60 ) —
<;51( 7) =p1 > 0 and ¢a(¢ )) — ¢2(07) = pa > 0. We want to prove that discrete strategies,
G1 and G2 , also assign a big enough probability at index 6 for sufficiently large m, which
violates the equilibrium conditions. By Lemma 20, strategy Gi must be a multi-value row at
row 6, that is inf supp(ély,lé) < sup supp(GL'lé). In the same manner, we have inf supp(éz,lé) <
sup su pp(ézf‘ 5)- First, based on the definition of u, for each sender i € [IN], we define the discrete
version of the compressed interim utility as

o (x) = H (C:’;”(l,x) + GT(x, 1—¢)— GT(ZL‘,J‘)) , Yxe[-cl—(].
i
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Based on whether the index 0 belongs to the discrete support of index @™ for some m € ZT,
we divide this part of proof into two cases.

Case 1: There exist 5 € Z* and « € [2°] such that § = - 277 — c. We take sender 1
as an example, and the proof of sender 2 follows the same idea. There exists my >0 such that
when m > mq, (0 —8-27™,0 +8- 27™) C (0,1 — ¢) and spreading the row 0 of the discrete
equilibrium strategy to any row 6’ € (9, 0482~ ™) and any row 0" € (0 8.27™m «9) is possible,
and will not cause any value of row 6 exceed the line v = 6. We define ¢; = 100, then there
exists my > 0 such that when m > mey, it holds that |¢7*(81) — ¢7*(07) — p1| < €1. There exists
ms > 0 such that when m > mg, it holds that § —7-27™ > § and ¢/"(0~) — ¢m(9 7-27™M) < e
where €5 = 100p1 There exists my4 > 0 such that when m > my, it holds that 6+2 ™ <1—c
and ¢’1“(é +27™) — Pt (0*) < €3 where €3 = 100p1' Based on these inequalities, we achieve that
3€1 + €2 < 3p1, which implies that

p1+ €

—€ 7
h ! —(p1+e1+e+e€3) > e+ 5

2 ’8(

7
§<p1—61+62+63)>62+

This implies that, for any m > max{mj, mo, ms, my}, spreading the row 6 of discrete equilibrium
strategy G7* to row 6 — 7-27™ and row 6 + 27" can bring a strictly positive utility increase,
which violates the equilibrium conditions.

Case 2: 0 # a-27 —¢c for any B € ZT and any o ¢ [2°]. We take sender 1 as an
example, and the proof of sender 2 follows the same idea. For any m € Z™, there exists k €
{0} U [2™] such that § € (o, 5EL). There exists mi > 0 such that when m > my, it holds
that (k-27" —-8-27",(k+1)-27™+8-27") C (0,1 — ¢), and spreading the row k- 27™
of the discrete equilibrium strategy to any row ¢ € ((k+1)-27™ (k+1)-27™ 48.27™)
and any row 0" € (k-27™ —8.27™ k-27™) is possible, and will not cause any value of
row k- 27™ exceed the line v = 6. There exists ms > 0 such that when m > my, it holds that
|07 (((k+1) - 27™) ") — ¢ ((k-27™)7) —p1| < €1 where ¢ = {55. There exists m3 > 0 such that
when m > mg, it holds that k-27™ —5-27" > @ and ¢ ((k-27")7) =7 (k-27"=5-27™) < €3
where €, = 100 There exists m4 > 0 such that When m > my, it holds that (k—i— 1)-27m427" <
l—cand ¢7"((k+1)-27™+27™) — ¢ (((k+1)-27™)T) < e3 where €3 = &5. Based on these
inequalities, we have €; + 3e3 < p1, which implies that

5 p1L— €1
g(p1—61+62+63)>62+ 5 )

p1+ €1
—

)
g(p1+61+62+63)>62+

This implies that, for any m > max{mi, ma, ms, my}, spreading the row k-2~ of discrete
equilibrium strategy G7* to row k-2 —5-27" and row (k+1)-27™427"™ can bring a strictly
positive utility increase, which violates the equilibrium conditions.

In summary, given the assumption, the converging discrete strategy profile cannot form an
equilibrium, which make this assumption invalid. Thus, we have proved that there is no tie in
the limit strategy profile (G1, ..., Gx) at and above 6. 0

With the obstacle of discontinuity cleared, we obtain the convergence of utility functions
along with the convergence of discrete equilibrium strategies. Here we comes the final step of
the proof.

Lemma 22. The limit profile (él, - éN) 1s indeed an equilibrium in the original game.

Proof of Lemma 22. Consider each sender i € [N] and any feasible strategy G; € G;(Fj,c), we
want to show that strategy G; achieves a higher expected utility than strategy G, given others
strategies G_;. We divide this part of the proof into two cases.

Case 1: There exist ties over [0,1—c| in strategy profile (G, G_Z) We assume that there
exists a tie at index 6 in strategy profile (Gi, G_;). By the assumption of the prior, strategy G;
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must be a multi-value row at row 6, that is inf su pp(Gi,.lé) < sup supp(GL_‘é), which implies that
strategy G; can spread the probability of index 0 to index 6 + € and index 6 — € for sufficiently
small € > 0. By the fact that ¢;(07) < ¢;(0) < ¢;(61), we know spreading the probability of
strategy G; at index 6 to index 6 + € and index 6 — € achieves a utility increase for sufficiently
small € > 0. Therefore, we know that, given others’ strategies, the best response strategy of
sender ¢ will not form a tie with the strategies of others within the interval [@,1 — ¢]. Thus, in
Case 2, we only need to prove that for those strategies that do not form a tie with the others’
strategies within [6, 1 — ¢], strategy G; will achieve a higher expected utility. This implies that
strategy G; is the best response to others’ strategies.

Case 2: There is no tie over [f,1 — | in strategy profile (G;,G_;). Let i; denote sender
i’s interim utility function given others’ strategies G_;. Let ;" denote sender 7’s interim utility
function given others’ strategies GT_”Z». By Lemma 21, there is no tie over [0,1 — ¢| in the limit
strategy profile (G, ...,Gy). By the definition of weak convergence, we have that

lim " (v,0) gi"(v,0) dv db :/ u;(v,0) gi(v,0) dv db . (23)

mree [0,1]x[—c,1—] [0,1]x[—¢,1—¢]

For each sender i € [N] and any feasible strategy G; € G;(F;,c) that do not form a tie with
others’ strategies within [f, 1—c|, we construct a 2-dimensional CDFs sequence {G]"},,cz+ where
each G € 8, and the sequence weakly converges to strategy G;. Specifically, for Vm € Z7,
we define GI* as below.

G (0, 0) = Gi(v,0) , if (v,0) e V™ x O™ |
P Gi(max{t:t e V™, t <ov},max{t:t € O™ t<0}), otherwise .

First, we show that the sequence {G}"},,cz+ weakly converges to strategy G;. We consider
any pair of (v,60) € [0,1] x [—¢,1 — ¢|. If there exist a1 € Z* and (1 € [27%!] such that
v=L£1-2"% and as € Z* and Sy € [27°2] such that § = B2-2792, then when m > max{ay, as},
we have G]"(v,0) = G;(v, 0) which implies that sequence {GI"(v,0)},,cz+ converges to G;(v, ).
Ifv#pB 27 forany ay € Z%, B € [27%] or 0 # B2 2792 for any ag € ZT, (o € [2792],
then for any m € Z*, we have GI"(v,0) = Gi(max{t : t € V"™, t < v}, max{t:t € O™, t < 6}).
When m goes to infinity, sequence {max{t :t € V'™, ¢t < v}},,cz+ converges to v, and sequence
{max{t : t € O™, t < 0}},,c7+ converges to 6. So we have sequence {GI"(v,0)},cz+ also
converges to G;(v, ). By the fact that sequence {G}"},,cz+ weakly converges to strategy Gj,
using a similar method of Lemma 20, we can also prove that there exists m; > 0 such that
when m < my, GJ* € §;".

By Equation (23), we have

/ ;i (v,0) gi(v,0) dv df — ;i (v,0) gi(v,0) dv db

[0,1]x[—¢,1—C] [0,1]x[—¢,1—C]

= lim / i (v,0) gi(v,0) dv db — " (v,0) g;"(v,0) dv db
m=00 \ JI0,1]x[—¢,1—c] [0,1]x[—¢,1—]

/ ;" (v,0) gi"(v,0) dv db —
[0,1]x[—c,1—(]

a(0,0) G (v,6) du de>
0.1 [0,1]x[—c,1—(]

/ " (v,0) gi"*(v,0) dv db —
[0,1]x[—c,1—(] [0,1]x[—c,1—(]

~ fim ( / G (v, 0) dil (v, 0) — / Gi(v, 0) dai(v,Q))
m=00 \ J{0,1]x[-¢,1—¢] [0,1]x[—¢,1—d]

;" (v,0) gi"(v,0) dv d0> .
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Combining the facts that sequence {(GT", ..., GT)}mez+ weakly converges to (G1, ..., Gy), se-

quence {G"},,cz+ weakly converges to G;, and there is no tie over [0, 1 — ¢] in strategy profile
(Gi, G_;), we have that

lim ( / Gi(v,0) dus(v, 0) — / G (v,0) du;-”(v,H)) —0. ()
m=00 \ J{0,1]x[-¢,1—¢] [0,1]x[—¢,1—d]

In addition to the fact ( ~’1", ..., G%}) is an equilibrium in the m-th discrete approximation game,
we have
lim / ui*(v,0) gi"(v,0) dv d9/ ui*(v,0) gi"(v,0) dv d6 | <O .
m=00 \ J10,1]x[—c,1—(] [0,1]x[—¢,1—¢]
(25)
Combining Inequalities (24) and (25), we have
/ ui(v,0) gi(v,0) dv df — ui(v,0) gi(v,0) dv d8 <0,
[0,1]x[—c,1—(] [0,1]x[—c,1—(]

which shows that for each sender 7, strategy G, is a best response to others’ strategies C;Li, and

(G1,...,Gy) is indeed an equilibrium in our game. O
Putting all the pieces together, finally we can prove Theorem 5.

Proof of Theorem 5. Theorem 5 holds directly by combining Lemmas 18 to 22. O

E Symmetric Equilibrium under Concave Priors

Here we show that the characterization of symmetric equilibrium of concave priors is much more
involved than that of convex priors. We consider a two-sender game where supp(F') = [c, 1], and
the prior F' is concave over its support. Let § = fol F(z) dz, and we know S > % since the
concavity of the prior.

Different values of the cost ¢ lead to distinct symmetric equilibrium structures, making it
challenging to unify all cases under a single amortized value distribution or a generalized 2-
D distribution construction. While a complete equilibrium characterization remains an open
problem, we present partial results below, specifically detailing the equilibrium structure for
cost regimes within certain intervals.

When the cost ¢ is sufficiently large, we make the following construction of a simplest kind
of symmetric equilibrium.

Theorem 6. When the cost ¢ > %(1 —95), there exists a symmetric equilibrium with the amor-
tized value distribution K (-) defined as below:

F(0+c¢) if 0 € [—c, 0],
) = . 1 .
mln{;@,l} if e (0,1—¢,

where 0 is the unique solution to the equation fol_c min {%0, 1} do = Ol_c F(0+c) de.

Proof of Theorem 6. This theorem follows a similar proof of Theorem 2. The construction
method can be seen in Figure 7. ad

This type of symmetric equilibrium may fail to exist when ¢ < %(1 — S), since in that case
it holds # > ¢, our construction of 2-D distribution may break down halfway. Although this
amortized value distribution forms a candidate for equilibrium, it cannot be guaranteed that
there exists a 2-D distribution that induces this amortized value distribution.
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f=v—c
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Fig. 7. An example of Theorem 6. In the left panel, the red curve represents the amortized value distribution
K(-), and the black curve represents the shifted prior. Function K(-) forms an MPC of the shifted prior over
[—¢,1—¢]. In the right panel, the red curves represent the support set of the corresponding 2-D distribution that
forms an equilibrium.

F Setting Comparison of the Competitive Information Design Game

As mentioned in Related Works, Ding et al. (2023); Hwang and Hwang (2025) study a closely
related model, where the sender’s signal is seen by the buyer after inspection, and the buyer
sees only the signal instead of her value. We call this setting one of information obfuscation; in
comparison, our setting is one of information revelation. In this section, we first compare the
informational properties of these two settings and then compare the senders’ and the receiver’s
utility.

F.1 Setting Comparison

Extreme cases under both settings. Extreme cases highlight the differences between the two
models. In our model, all senders adopting the full revelation strategy let the buyer know
all the values before searching; her utility would be the first best E[max;(v; — ¢;)+]. If no
sender sends any signal, the buyer gets no additional information. This reduces the case to the
original Pandora Box problem where the buyer just searches with the original priors Fi,--- , Fiy.
In contrast, this original problem corresponds to the case of full revelation in the setting of
information obfuscation. In this setting, if the senders send no signals, the distribution of each
v; degenerates to a point mass on E[v;], which reduces the buyer’s utility to max;(E[v;] — ¢;)+.

Buyer’s search behavior under both settings. The buyer’s search behavior also differs in the two
models. In the information revelation setting, the buyer’s search depends on the signals she
receives, updating her posteriors based on these signals. In the obfuscation setting, the search
depends only on the signaling schemes — once the senders commit to the schemes, the value
distribution of each seller becomes an MPC of the original prior, and the receiver searches using
these MPCs, observing a signal only after inspecting a seller.

F.2 Utility Comparison

Receiver Utility Comparison. We treat the original Pandora Box problem as the bench-
mark. Fixing all boxes priors and search costs, let U be the buyer’s utility when she implements
the Index Algorithm in the original Pandora Box problem.

Proposition 2 (Receiver Utility Comparison). U is weakly lower than the buyer’s utility
in the information revelation setting, and weakly higher than the buyer’s utility in the informa-
tion obfuscation setting, regardless of the senders’ signaling schemes in both settings.
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Proof of Proposition 2. Under the information revelation setting, one search strategy available
to the receiver is to ignore the signals and to implement the Index Algorithm based on the
original priors. This searching strategy yields the same overall utility as in the no information
setting. But this utility is no more than that of the Index Algorithm performed on the posteriors,
since the posteriors are more informative than the priors and the agent can better estimate the
value based on the posteriors than based on the priors. This proves the first claim.

For the second claim, observe that in the no information setting, the receiver can simulate
the obfuscation setting by intentionally ignoring the true value v; of any inspected box ¢ and
instead behaving as if she had observed its posterior mean value. The utility of this simulation
is precisely that in the obfuscation setting, which is no more than the utility of the Index
Algorithm on the original priors, due to the optimality of Index Algorithm. This proves the
second claim. a

The second statement was first shown by Ding et al. (2023) (Theorem 3.1); we consider our
proof here considerably simpler. Intuitively, the more information accessible to the receiver, the
higher her utility should be.

Sender Utility Comparison. The next proposition considers a sender choosing between
revealing or obfuscating information.

Proposition 3 (Sender Utility Comparison). Fiz all priors and costs, and consider a
sender 1 who unilaterally considers deploying a signaling scheme, we have:

(i) when ¢; =0, any strategy of obfuscation gives him weakly higher utility than revelation;
(ii) when ¢; > Ey,~r,[vi], any strategy of revelation gives him weakly higher utility than obfus-
cation.

Proof of Proposition 3. When the inspection cost is zero for sender ¢, the receiver does any
inspection for free. Thus, it is optimal for her to inspect all boxes and chooses the most favorable
one. An information revealing sender can do nothing, since any information revelation only serves
to influence the searching order of the agent. While for an obfuscating sender, he can influence
the final choice of the agent through certain obfuscation strategy. Therefore, an obfuscating
sender has weakly higher utility.

When the inspection cost is higher than the expectation of the prior distribution, an obfus-
cating sender always has a negative index regardless of any obfuscation strategy. Thus, he can
do nothing in this case, since any box with a negative index will never be inspected under the
Index Algorithm. On the other hand, an information-revealing sender can sacrifice some low
values and bundle higher values together to form strictly positive indices, thereby ensuring an
expected payoff greater than zero. Therefore the latter has a weakly higher utility. ad

The cost affects the receiver’s willingness to search and her optimal search strategy. For a
seller ¢ with search cost ¢; = 0, the receiver will definitely inspect the seller for free. Thus, an
information-revealing sender can do nothing, since any revelation only serves to influence the
searching order of the receiver. In contrast, when his cost is sufficiently high, an obfuscating
sender always has a negative index regardless of the strategy, thus will never be inspected under
the Index Algorithm.
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